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Abstract 

We investigate thermo-mechanical properties of alternative fuels like thoria and uranium nitride up to a very 
high temperatures (ThO2: 3300 K, UN: 3000 K).  We demonstrate that, by combining first-principles quantum-
mechanical calculations with classical correlations, it is possible to predict thermal properties in agreement 
with experiment.  The new generalized gradient approximation functional within the density functional theory 
predicts, in agreement with experiment, not only mechanical properties but also the absolute values of the lattice 
constant of thoria.  The main contribution to the thermal conductivity of thoria (lattice) and uranium nitride 
(electronic) are evaluated in a wide range of temperatures. 

 
1. INTRODUCTION 

The recent tragic accident in Fukushima clearly illustrates the risks associated with the present design of reactors 
based on uranium dioxide fuel and justifies the research towards a safer fuel. The previous studies by Pioro et al. 
[49] demonstrate that the traditional urania fuel is not suitable for some design of new generation reactors due to 
its low thermal conductivity (e.g. the estimated fuel centerline temperature for SuperCritical Water reactor 
(SCWR) surpasses the industry accepted limit of 1850°C). Therefore uranium nitride (UN) is considered as a 
possible safer fuel and we present here a preliminary studies of its thermal conductivity.  At the time of 
increasing cost of traditional urania fuel, it is more economically justified to look at the alternative fuels like 
thoria, which is four times more abundant.  Thoria is also regarded as a fuel for safer reactors as it has a higher 
thermal conductivity (for most temperatures of interest) and melting point [2] than urania, which prevents reactor 
melt down.  However in contrast to urania that has been studied extensively, because it has been used in nuclear 
reactors as a fuel for a long time, there are only limited experimental data available for thoria as reviewed in Ref. 
[2].  Although thoria fuel has been investigated for some time [2] its high temperature thermo-mechanical 
properties, needed for nuclear safety analysis, are not available.  Therefore in this work, we present an attempt at 
applying first-principles calculations to evaluate the high temperature thermo-mechanical properties of thoria. 

In Ref. [3], we presented the first-principles calculations of the lattice constants of thoria at 0 K temperature, 
using CASTEP code [4].  We noted that the generalized gradient approximation (GGA) framework with the 
early [5,6] implementation led to significantly overestimated bond length and underestimated bulk moduli [7,8] 
while local density approximation LDA [9] significantly underestimated lattice constants. 

The present paper applies the density functional theory (DFT) using the new GGA implementation (WC [10]) to 
evaluate structural and thermo-mechanical properties of thoria. 

 

2. EVALUATION OF THE PROPERTIES OF THORIA AT 0 K TEMPERATURE 

We present here the new results (Table 1), which demonstrate that the more recently proposed GGA: WC [10] 
and PBEsol [11] lead to improved lattice constant values, with bulk (B) modulus in agreement with experiment 
(Table   2).  We used the Monkhorst-Pack 13×13×13 grid of special k-points [12] and a cut-off energy of 610 
eV. 

Thoria has a cubic structure (Fm 3 m symmetry) and therefore one strain pattern (with only xx and yz non-zero) 
is enough to calculate all elastic moduli [15].  Four values for the amplitude of the strain were applied: ± 0.3%, ± 
0.1%. 

We calculated the values of bulk (B) and shear (G) modulus as the Hill averages of the obtained by Voigt [16] 
and Reuss [17] methods.  Having calculated the bulk and shear modulus, Young's modulus (Y) can be evaluated 
for an isotropic material or an isotropic aggregate of grains with non-isotropic elastic properties as: 
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3B G
=

+
     (1) 

Additionally, Young’s modulus is calculated in <100> cubic symmetry directions from a reciprocal of the 
respective (s11) compliance (Y[100] = s11

-1). 

The Poisson’s ratio is calculated as: 

3B 2G
2(3B G)

−
η =

+
     (2) 

Table   1 

Lattice constants of thoria calculated using CASTEP [4] and various functionals as indicated. 

Method Lattice constant 

(a) [Å] 

LDA [9] 5.53 

PBE [6] 5.61 

PBEsol [11] 5.55 

WC [10] 5.56 

Experiment 5.598 [13] 

5.600 [14] 

 

Table   2 

Elastic moduli, elastic constants (stiffness values) and Poisson’s ratio of thoria calculated versus experimental 
measurements 

Property ThO2 

(in GPa; 
# unit-less) 

(PBE) 

[6] 

(PBEsol) 

 

(WC) 

[10] 

Experiment 

(fully dense) 

B 187.6 202.8 203.0 
193 [18,19] 

223 [20] 

G 85.4 96.6 96.4 100.1, 100.8 [21] 

97.2 [18] 

Y (Y(x,y), Y(z)) 222.4 (303.4) 250.1 (313.3) 249.7 (312.5) 262.1, 260.6 [21] 

247.7 [18] 

c11 351.9  

(± 2.1) 

370.9  

(± 1.9) 

370.6  

(± 1.2) 

377 [20] 

367 [19] 

c12 105.4  

(± 1.4) 

118.7  

(± 1.4) 

119.3  

(± 0.8) 

146 [20] 

106 [19] 

c44 70.9  

(± 0.4) 

80.8  

(± 0.3) 

80.7  

(± 0.3) 

89 [20] 

79 [19] 

nη 

 

0.30 0.29 0.30 0.301 [21] 

0.284 [18] 
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As indicated, Table   2 shows the compared results for various GGA functionals.  The mechanical moduli, 
calculated using WC and PBEsol GGA functionals, show much better agreement with experimental result [18-
21] for ThO2 than the underestimated values by PBE. 

 

3. INVESTIGATION OF THORIA AT UP TO 3300 K TEMPERATURES 

In this section we will use combination of first principles calculations and extrapolated to high temperatures 
correlations, derived from experimental data, to evaluate thermal properties of thoria up to 3300 K.  

3.1. Thermal expansion 

In order to examine the thermal expansion of thoria, we have performed preliminary first-principles molecular 
dynamics (MD) simulations using an Andersen-Hoover barostat [22,23].  The unit cells used, although eight 
times larger than conventional unit cells (96 total number of atoms), with periodic boundary condition were still 
small and therefore we observed large thermal fluctuations at higher temperatures.  We did the calculations for 4 
ps (5.5 ps for 3300 K) and the time-step of 0.001 ps.  We reduced the grid for k points for this super-cell to 
2×2×2.  We made the calculations for selected temperatures (starting at 273 K) and constant pressure [24] (1 
atm).  Fig. 1 shows the running averages of the lattice constants simulated by CASTEP (WC functional) 
molecular dynamics as a function of temperature and indicated by open red squares.  The calculated lattice 
constants of thoria agree well with experimental data by Mathews et al. [25] (Fig. 1).   Evaluation of the thermo-
mechanical properties of thoria using the theoretical thermal expansion was done previously in Ref. [26]. In Ref 
[27] the relative thermal expansion of thoria is provided for a wide temperature range (up to 2755 K (4500 F)) 
and it was used in the calculation of the lattice constants of thoria (shown in Fig. 1 by black spheres) with the 
assumed value at 0 K equal to 5.56 Å (the value obtained using WC as presented in Table 1).  The temperature 
(T) dependence of the respective lattice constants (a in Å) is described well (R2 = 0.999) by a parabolic fit 
(indicated by a solid black line in Fig. 1): 

10 2 6
0

3

a(T)  a (1+9.899347 10 T  7.859124 10 T 

-2.465599 10 )

− −

−

= × + ×

×
 (3) 

Eq. 3 was also used to calculate values of the lattice constants at 3000 K and 3300 K, shown by white spheres in 
Fig. 1. Since the extrapolated experimental data from Ref. [27] predict lower values of the lattice constants at 
higher temperatures, it is of interest to calculate thermo-mechanical properties of thoria using these data.  

  

 
Fig. 1. The calculated lattice constant of thoria as a function of temperature (open squares) is shown versus 

experimental data (open diamonds) [25].  The solid line shows the parabolic fit (Eq. 3) to the calculated data.   In 
the insert, the derived (Eq. 4) linear thermal expansion coefficient (α) is shown (filled green squares) versus 

experimental points (filled black circles [27] and blue triangles [28]). 

 

  The linear thermal expansion coefficient (αp(T)) can be derived from Eqs. 3 and 4: 
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     (4) 

The calculated linear thermal expansion coefficient, shown in the insert in Fig. 1 by solid black line, has linear 
temperature dependence similar to the coefficient evaluated from the recently published [29] parabolic 
correlation for a linear thermal expansion of thoria with 3.45 wt. % UO2 for temperatures up to 1473 K.  The 
black spheres indicate provided in Ref. [27] average values for the linear thermal expansion coefficient.  They 
are in agreement with the derived values from the parabolic fit (Eq. 3). However CASTEP calculations using 
WC functional predict slightly larger linear thermal expansion above 900 K than experimentally reported [27] 
and as discussed in details before [30], although it is predicted to be lower above 1800 K than recommended by 
Fink data for urania [31].  The evaluated slope of ~ 1.98×10-9K-2 (Eq. 3) is lower than predicted from MD 
~3.99×10-9K-2 and the observed one at the lower temperature [28] (see insert in Fig. 1) ~3.96×10-9K-2. The 
previous quasi-harmonic approximation (QHA) calculations of thoria thermal expansion (done at lower 
temperatures) were lower and, for example, at 1100 K the reported values are 10.1×10-6 K-1 [32] and 10.7×10-6 
K-1 [33] versus MD 11.9×10-6 K-1.  The experimental values shown in the insert are for 9.9×10-6 K-1 at 1088.706 
K [27] and 10.6×10-6 K-1 at 1080 K [28].  It has to be noted that the calculations are done for a fully dense bulk, 
ideal structure, which is not the case in reality, therefore we will use here lattice constants evaluated from Eq. 3. 

a. Mechanical properties 

Knowledge of the lattice constants as a function of temperature allows the derivation of the adiabatic elastic 
moduli (cij) defined as [34]: 

S

2
ij i j S,c ( U / ) ε= ∂ ∂ε ∂ε     (5) 

where U is internal energy, S is entropy and εi(j) is strain.  Four values for the amplitude of the strain were 
applied: ± 0.3%, ± 0.1% at the selected temperatures as well as for the respective lattice constants as calculated 
from Eq. 3 and shown in Fig. 1.  Next we calculated the adiabatic Young, share moduli, and compressibility as 
the Hill averages of the obtained values by Voigt [16] and Reuss [17] methods, as described above.  We 
calculated the Young modulus in <100> directions using a reciprocal of the respective (s11) compliance. 

Figs. 2 and 3 show the Young and shear moduli, together with compressibility (ß) as a function of temperature 
(0-3300 K) for the respective lattice constants, shown in Fig. 1.  Additionally we include for comparison the 
experimental points for thoria and urania as selected in Ref. [2].  Both oxides show similar behaviour of 
mechanical properties with temperature, and good agreement with experimental results and the calculated data.   
 

 
Fig. 2. The calculated adiabatic Young (Y and Y[100]) and shear (G) moduli of thoria as a function of 

temperature (yellow filled squares) versus experimental data (open circles and diamonds) [2]  Additionally, the 
respective experimental data are shown (red triangles) for urania [2]. 
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Fig. 3. The calculated adiabatic compressibilty of thoria as a function of temperature (yellow filled squares) is 
shown versus experimental data (open circles) [2].  The measured compressibility for urania [2] is indicated by 

red triangles for comparison. 

 

The equations for the curves fitted to the calculated data, shown (black lines) in Figs. 2 and 3 as a function of 
temperature (T in K), are (R2 = 0.998 for Y, Y[100], G and 0.997 for β): 

6 2Y = -2.1 10 T  0.01935T  248.91 −× − +   (6) 

6 2
[100]Y  = -1.5 10 T  0.0093T + 311.79−× −   (7) 

6 2G 0.9 10 T  0.0068T  96.275−= − × − +   (8) 

7 2ß  1.7 10 T  0.00045T  5.0406−= × + +                     (9) 

where Young (Y and Y[100]) and shear (G) moduli are in GPa, and compressibility (β ×10-12 ) in m2J-1, 
respectively. Fig. 2 shows that the Young moduli in the principal crystallographic directions are not only larger 
but also less dependent on temperature than the calculated Young modulus for polycrystalline thoria with 
random texture. 

3.3. Thermal conductivity 

It was noted previously [32,33] that the phonon contribution to the thermal conductivity of thoria can be well 
reproduced using a simplified Slack model [35].  Here we extend this application to higher temperatures (up to 
3300 K) using the thermal expansion (α(T), a(T)) and the adiabatic elastic moduli evaluated above.   

Next we calculate the Grữneisen parameter from: 

M

V

3 (T)V (T)
(T)

C (T) (T)
α

γ =
β

    (10) 

where VM(T) is molar volume and CV(T) is the heat capacity at constant volume per mol. 

The heat capacity can be obtained from [36]: 

max

min

2

B B
v A B 2

B

exp
k T k T

C (T) N k ( )d

exp 1
k T

ω

ω

   ω ω
   
   = ρ ω ω
  ω

−  
   

∫
 


 (11) 

where NA is Avogadro number, kB is the Boltzman constant and ( )ρ ω  is the density of states of phonons (with 
ω  energy) per primitive unit cell (ThO2).  Note that heat capacity at constant volume remains constant at 
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higher temperatures.  We assume also that it stays flat for 3000 K and 3300 K when evaluating the Grữneisen 
parameter at these high temperatures. 

The Poisson’s ratio (η) at these selected temperatures can be evaluated by Eq. 2 using the calculated shear and 
Young moduli (presented in Fig. 2).  Next we evaluate the scaling function [37]: 

1/33/2 3/2
1/3 2 1 1 1f ( ) 3 2

3 1 2 3 1

−
    + η + η η = +   − η −η     

 (12) 

This allows us to evaluate the Debye temperature (θ in K) within the isotropic approximation [37] (in atomic 
units: m=  = e = 1): 

( )1/32 1/2

1/2
B

6 V(T) n f ( (T))
(T)

k ( (T)M)

π η
θ =

β
  (13) 

(s deleted in formulas) where the same notation as above is used and n is the number of atoms per primitive cell 
(3 for ThO2) with its volume V(T) (calculated using a(T) derived above) and mass M. 

Now we can evaluate the lattice thermal conductivity ([35,32], note a typo in the respective Eq. 8 in Ref. [33]): 

1.5 3 1/3
M

L 2
(1 0.05) C (T) M V(T)

(n (T)) T
− θ

κ =
γ

  (14) 

where C is equal to 3.04×104 Wm-2K-1 g-1 mol and MM molar mass per primitive cell (264 g mol-1 for ThO2) and 
V(T) is as above, the volume of the primitive cell, but in cubic m.  The first factor in the numerator is accounting 
for assumed 5% porosity.  The measured thermal conductivity data were critically reviewed in Ref. [38], 
corrected to 95% TD and fitted (for the temperature (T) range 300-1700 K) to the following equation (with the 
numerator accounting for 5% porosity): 

( )1.5
95%
inv

1 0.05
(T)

A BT
−

κ =
+

    (15) 

where A and B are constants associated with phonon-defects (A) and phonon-phonon (B) scattering contribution 
to the mean path and the respective values of lattice thermal conductivity are displayed in Fig. 4 by blue 
triangles.  

 
Fig. 4. The calculated thermal conductivity of thoria (95% TD) as a function of temperature. The blue triangles 

show the phonon contribution [38].  The radiative and electronic contributions [39] at high temperature for thoria 
are indicated by dashed medium black and dashed long pink lines, respectively.  The solid blue line represents 
the total thermal conductivity with the phonon contribution described by Eq. 15 and the parameters derived in 
Ref. [38]. The yellow squares indicate the lattice thermal conductivity derived from Eq. 14 plus radiative and 

electronic contribution from Ref. [39].. 
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At higher temperatures (up to the melting point), as evaluated previously [39], the radiation contribution to the 
thermal conductivity becomes visible as also shown by the medium dashed black line, while the electronic 
contribution is relatively small due to a large band gap of thoria.  As discussed before [39], when all 
contributions to the thermal conductivity (including phonon contribution described by Eq. 15 extended to high 
temperatures) are added together, the thermal conductivity becomes flat (as indicated by solid blue line) 
approaching the value around 2 Wm-1K-1 in agreement with Fig. 6.24 in Ref. [2] and with the value 2.5 Wm-1K-1 
reported in Ref. [40], where Hyland notes that this thermal conductivity is maintained up to the melting 
temperature.  In Fig. 4 we also show by yellow squares the respective 95% TD total thermal conductivity with 
phonon contribution evaluated from Eq. 14.  Although agreement with experiment is good up to around 1000 K 
at higher temperatures the thermal conductivity is under-predicted.   

Our analysis indicate that lattice thermal conductivity decreases rapidly with increasing temperature and 
therefore as indicated previously (e.g. in Ref. [1]) ceramic fuels like thoria and urania are not suitable as a fuel 
for the nuclear reactors that operate at very high temperatures.  

 

4. THERMAL CONDUCTIVITY OF UN  

We have shown that the thermal conductivity of ceramic fuels is low at higher temperatures, therefore in this 
section we will discuss exemplary case of metallic fuel.  We will investigate here the recommended for SCWR 
uranium nitride [1], since it has high electronic contribution to the thermal conductivity that increases with 
temperature.   

 4.1 Electronic structure 

The electronic structure of UN has been studied before (see e.g. [41,42]) and it was noted that neither LDA or 
LDA with Hubbard U corrections are capable to describe well its electronic structure around Fermi energy that is 
dominated by strongly correlated 5f electrons of uranium with antiferromagnetic ordering.  

Similarly to thoria UN has cubic structure (Fm 3 m symmetry).  However at low temperatures (below Néel 
temperature TN = 53 K [43]) it shows ferromagnetic (001) planes coupled antiferromagnetically (type-I 
structure)  [43].  We have discussed previously [3] that the calculated lattice constants for ferromagnetic urania 
agreed very well with experiment while for antiferromagnetic ordering very close values of the lattice constants 
were found but with unphysical, slight tetragonal distortion.   It is much easier to optimize geometry of 
ferromagnetic UN due to smaller size of the primitive unit cell.  Using Quantum Espresso code [44] and PBE 
functional [6] we have found the equilibrium lattice constant for ferromagnetic UN to be 5.24 Å, which is larger 
than experimental value of 4.89 Å [43] since PBE overestimates lattice constants values. The used norm 
conserved potentials provided with Quantum Espresso code (pbe-mt_fhi.UPF) may also lead to a larger lattice 
constant.  300 Ry cut off energy and 16×16×16 k points mesh in the Brillouin zone was applied. It was tested 
that changing cut off energy up to 75 Ry and changing grid up to to 10×10×10 have not affected the lattice 
constant. 

Next we performed band structure calculation for antiferromagnetic and nonmagnetic UN using conventional 
unit cells (with 5.24 Å lattice constant) and no symmetry.  We used 150 Ry cut of energy and the Monkhorst-
Pack [12] 16×16×16 grid to calculate the electron band structure suitable as an input to 
BoltzmannTransportProperties (BoltzTraP) code [45].  The BoltzTraP code uses smooted Fourier interpolation 
of the electron band structure, which is used to calculate the electron density of states and semiclasic transport 
coefficients [45].  In Fig. 5 the derived electron densities of states (black, solid lines) and theirs integrals over 
energy (dashed red lines) are shown for antiferromagnetic (a) and nonmagnetic (b) UN, respectively.  In the 
nonmagnetic calculations one broad peak originated from 5f electrons is visible (b) near the Fermi energy, which 
splits into two peaks for antiferromagnetic ordering (a). 

In BoltzTraP code it is assumed that the electron relaxation time is isotropic and constant. which is true at lower 
temperatures where residual resistivity is dominant. We evaluated the relaxation time (τ = 4.98×10-15s) using the 
calculated by BoltzTraP (for non-magnetic UN) at 300 K electronic conductivity, σ/τ equal to 1.18875×1020 Ώ-

1m-1s-1 and the measured resistivity at the same temperature: 16.9×10-7 Ώm [41].  However since the neglected in 
BoltztraP the lattice resistivity increases linearly with temperature it becomes important at high temperatures.  
We evaluated this contribution from the experimental resistivity slope between 300 K and 1100 K [46] and 
included it in the evaluation of thermal conductivity.  The presented in Fig. 6 the electronic contributions to the 
thermal conductivity of UN (black, solid line for non-magnetic UN and short, dashed, black line for non-
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magnetic UN with taken into account correction for lattice resistivity) were calculated via Wiedemann-Franz law 
from the electronic conductivities: 

2
B

e
k

3 e
π  κ = σ 
 

     (16) 

 
Fig. 5. The calculated total (black, solid line) electron density of states of UN using PBE functional for 

antiferromagnetic (a) and nonmagnetic (b) state and conventional unit cell.  The integrated over energy densities 
of states are shown by red dashed lines. 

 

 
Fig. 6. The calculated thermal conductivity of electronic origin in UN as a function of temperature are shown for 
antiferromagnetic (black solid line) and nonmagnetic state (short, black, dashed line). The previously estimated 

phonon contribution to the thermal conductivity at 1000 K [42] is indicated by pink diamond and at lower 
temperatures by pink dashed line [41].  The dotted line indicates the phonon contribution evaluated by the linear 
interpolation between the estimates from Refs. [41] and [42].  The calculated from the experimental resistivity 

the electronic contribution [41] is shown by blue triangles. The measured total thermal conductivity is indicated 
by long, red, dashed line [47] and black spheres [48]. 
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The previously estimated electronic thermal conductivity [41], shown by blue triangles in Fig. 6, is in a very 
good agreement with the calculated here values for non-magnetic UN and above Néel temperature (51 K). The 
phonon’s contribution to the thermal conductivity (indicated by dashed and dotted pink lines) decreases with 
temperature and therefore around 1500 K our estimate of the electronic contribution to the thermal conductivity 
of non-magnetic UN (black solid line) agrees well with the measured thermal conductivity (long, red, dashed 
line [47] and black spheres [48]).  However the over-prediction of the thermal conductivity at higher temperature 
makes questionable the assumption used in BoltzTraP that the relaxation time is constant for the whole range of 
temperatures and therefore we also included the thermal conductivity calculated using the correction for the 
lattice resistivity (short, dashed black lines). There is however disagreement between experimental data for a 
resistivity (e.g. at 300 K: 16.9×10-7 Ώm [41] versus 14.8 ×10-7 Ώm [46]) and also the thermal conductivity as 
shown in Fig. 6 (e.g. around 1500 K: 22 Wm-1K-1 [48] versus 26 Wm-1K-1 [47]). The band structure of uranium 
5f electrons is also not very well represented within DFT, as discussed before [42].  However our calculations 
reproduce very well the trend for the increasing with temperature the thermal conductivity of UN.  

 

5. SUMMARY 

In summary, since the calculated thermo-mechanical properties of thoria, presented here are in good agreement 
with available low temperature experimental data, one can assume that the predicted properties at high 
temperatures can be used as complementary data before experiments are available.  

We demonstrate that, by combining first-principles quantum-mechanical calculations with classical correlations, 
it is possible to predict thermal properties of in agreement with experiment.  In particular the calculations 
demonstrate that thoria fuel, although it has higher thermal conductivity than urania at the typical operating 
temperatures of conventional nuclear reactors, is not suitable as a fuel at high temperatures.  The metallic fuels 
like UN show high electronic contribution to the thermal conductivity, which increases with temperature and 
therefore it makes it more suitable as a fuel for some new generation reactors like for example SCWR. 
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