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Abstract  

In this article, the estimation of parameters based on progressively type-II censored sample with random 

removals from the Weibull distribution is studied. The number of units removed at each failure time is 

assumed to follow a Beta-binomial distribution. Based on this type of censored sample, the maximum 

likelihood (ML) and approximate maximum likelihood (AML) estimators for the parameters of the 

Weibull distribution are derived. A Monte Carlo simulation study is also conducted to compare the 

performance of ML and AML estimators under progressively type-II censoring with the different random 

schemes. 

Key words: Weibull distribution, maximum likelihood estimator, approximate maximum likelihood 

estimator, progressively censoring type-II with random removals, beta-binomial removals 

 

1. INTRODUCTION 

The Weibull distribution is one of the most commonly used distributions in the field of reliability and 

life-testing analysis where samples are usually censored. Among the different censoring schemes, the 

progressively Type-II censoring schemes has drawn attention by many authors during recent years. 

Because the traditional Type-I, Type-II and hybrid censoring schemes do not allow the experimenter to 

remove units before the termination of the experiment. Therefore, the progressive Type-II censoring 

schemes has been widely used in reliability and life-testing experiments, etc. The advantage of this 

censoring schemes can be explained (describe) as follows. The experimenter places n identical units on 

test at time zero and completely observe only m failures. When the first failure is observed, 𝑅1 of the 

remaining 𝑛 − 1 surviving units are randomly selected and removed. Then after the second observed 

failure, 𝑅2 of the remaining 𝑛 − 1 − 𝑅1 surviving units are randomly selected and removed, and so on. 

Finally, the experiment terminates until the  𝑚𝑡ℎ failure is observed and remaining 𝑅𝑚 = 𝑛 − 𝑚 −
∑ 𝑅𝑖

𝑚−1
𝑖=1  surviving units all removed. If  𝑅1 = 𝑅2 = ⋯ = 𝑅𝑚−1 = 0 then 𝑅𝑚 = 𝑛 − 𝑚 that corresponds 

Type-II censoring. If  𝑅1 = 𝑅2 = ⋯ = 𝑅𝑚 = 0, then 𝑛 = 𝑚 that corresponds the complete sample. For 

a comprehensive recent review of progressive censoring, see (Balakrishnan & Aggarwala 2000) and 

(Balakrishnan 2007). 

The 𝑅1, 𝑅2, … , 𝑅𝑚 are all prefixed in this censoring scheme. However, in some practical situations, the 

𝑅𝑖 numbers randomly occur and so they cannot be prefixed. For instance, (Yuen & Tse 1996) indicated 

that the number of patients that withdraw from a clinical test at each stage is random and cannot be 

prefixed. (Kaushika et al. 2015) also point out that the probability of removal may vary from patient to 

patient and remains unknown to the experimenter. Thus, recently, the statistical inference for different 

lifetime distributions under progressive type II censoring with random removals has been investigated 

by various authors such as (Yuen & Tse 1996), (Wu et al. 2007), (Yan et al. 2011), and (Usta & Gezer 

2015).  However, there are few studies in the literature concerning the estimation of parameters from 

the Weibull distribution based on progressive type II censoring with random removals. For example, 

(Yuen & Tse 1996) considered the estimation problem when lifetimes are Weibull distributed and are 

collected under a Type-II progressive censoring with random removals follows a uniform discrete 

distribution. They derived the maximum likelihood (ML) estimator of the parameters and their 

asymptotic variances. Tse and Yuen (1998) provided the expected experiment times for Weibull-

distributed lifetimes under Type- II progressive censoring, with the numbers of removals distributed 

binomial. Tse et. al. (2000) studied the analysis of Weibull distributed lifetime data observed under Type 

II progressive censoring with binomial removals. The ML estimators of the parameters and their 

asymptotic variances are derived. Tse and Xiang (2003) explored the problem of interval estimation for 
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parameters of Weibull distribution based on Type-II progressively censored with binomial random 

removals. In this paper, seven different confidence interval-estimation procedures were considered. 

Sarhan and Al-Ruzaizaa (2010) discussed statistical inference for the parameters of Weibull distribution 

model, using Type-II progressively censored data with binomial random scheme. They also used the 

ML method to derive both point and interval estimates of the parameters.  

In this paper, we consider the estimation problem for two parameters of Weibull distribution under 

progressive Type II censored sample with random removals where the number of units removed at each 

failure time follows a Beta-binomial distribution. We derive the ML estimators of the unknown 

parameters. Since the ML estimators cannot be derived in explicit form, we obtain approximate 

maximum likelihood (AML) estimators, which have explicit expressions, for the parameters of Weibull. 

Moreover, a Monte Carlo simulation study is conducted to compare the performance of ML and AML 

estimators under progressively type-II censoring with the different random schemes.  

The remainder of this paper is organized as follows. In Section 2, the Weibull distribution and the 

notation and definition used in this (throughout the) paper are presented. The ML and AML estimators 

are derived under Type-II progressive censoring with Beta-binomial removals in Sections 3 and 4, 

respectively. The results of the simulation study are presented in Section 5. The conclusions of the paper 

are provided in Section 6. 

 

2. THE LIKELIHOOD FUNCTION OF THE MODEL 

It is assumed that the lifetime 𝑋 of a unit has a Weibull distribution with the shape (𝛼) and scale (𝛽) 

parameters. The probability density function (pdf) and the cumulative distribution function (cdf) of 𝑋 

are given as, respectively, 

𝑓(𝑥; 𝛼, 𝛽) = 𝛼𝛽𝑥𝛼−1𝑒−𝛽𝑥𝛼
 ; 𝑥 > 0, 𝛼 > 0, 𝛽 > 0                                                                            (2.1) 

and  

𝐹(𝑥; 𝛼, 𝛽) = 1 − 𝑒−𝛽𝑥𝛼
 ; 𝑥 > 0, 𝛼 > 0, 𝛽 > 0                                                                                   (2.2) 

Let 𝑋1 < 𝑋2 < ⋯ < 𝑋𝑚 denote a progressively Type-II censored sample from a Weibull distribution, 

where 𝑚 < 𝑛  is predetermined before the test. For progressive type II censoring with a pre-determined 

number of removals 𝑅 = (𝑟1, 𝑟2, … , 𝑟𝑚), the conditional likelihood function can be written as (Cohen 

1963): 

𝐿1(Ө; 𝑥|𝑅 = 𝑟) = 𝐶 ∏ 𝑓(𝑥𝑖)[1 − 𝐹(𝑥𝑖]𝑟𝑖

𝑚

𝑖=1

                                                                                       (2.3)  

where, 𝐶 = 𝑛(𝑛 − 𝑚 − 𝑟1) … (𝑛 − 𝑚 − ∑ 𝑟𝑖 + 1)𝑚
𝑖=1 . Substituting Eqs. (2.1) and (2.2) into Eq. (2.3), 

the conditional likelihood function is derived as: 

𝐿1(𝛼, 𝛽; 𝑥|𝑅 = 𝑟) = 𝐶 ∏ 𝛼𝛽𝑥𝛼−1𝑒−𝛽𝑥𝛼

𝑚

𝑖=1

(𝑒−𝛽𝑥𝛼
)𝑟𝑖                                                                        (2.4) 

Suppose that the number of units removed at each failure time 𝑅𝑖,  follows a binomial distribution with 

parameters 𝑛 − 𝑚 − ∑ 𝑟𝑗
𝑖−1
𝑗=1   and 𝑝. Thus, for given 𝑝,  the probability of 𝑅𝑖 units leaving after the ith 

failure is given by: 

𝑃(𝑅𝑖 = 𝑟𝑖|𝑝) = (
𝑛 − 𝑚 − ∑ 𝑟𝑗

𝑖−1

𝑗=1

𝑟𝑖

) 𝑝𝑟𝑖(1 − 𝑝)𝑛−𝑚−∑ 𝑟𝑗
𝑖
𝑗=1  ; 𝑖 = 1,2, … , 𝑚 − 1                        (2.5)  
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Also, similar to (Singh et al. 2013) and (Kaushik et al. 2015), we assumed that the probability of 

removals (𝑝) is not fixed and 𝑝 is a random variable following a beta distribution with parameters 𝑎 and 

𝑏: 

𝑔(𝑝|𝑎, 𝑏) =
1

𝐵(𝑎, 𝑏)
𝑝𝑎−1(1 − 𝑝)𝑏−1 ;  𝑎, 𝑏 > 0, 0 < 𝑝 < 1                                                          (2.6) 

Then, the distribution of 𝑅𝑖 can be obtained as follows  

𝑃(𝑅𝑖 = 𝑟𝑖, 𝑎, 𝑏) = ∫ 𝑃(𝑅𝑖 = 𝑟𝑖|𝑝)𝑔(𝑝|𝑎, 𝑏)
1

0

𝑑𝑝                                                                               (2.7) 

Substituting Eqs. (2.5) and (2.6) in Eq. (2.7) and after simplification, we get  

𝑃(𝑅𝑖 = 𝑟𝑖, 𝑎, 𝑏) = (
𝑛 − 𝑚 − ∑ 𝑟𝑗

𝑖−1

𝑗=1

𝑟𝑖

) 
𝐵(𝑎 + 𝑟𝑖, 𝑏 + 𝑛 − 𝑚 − ∑ 𝑟𝑗

𝑖
𝑗=1 )

𝐵(𝑎, 𝑏)
                                      (2.8) 

where,  𝐵(𝑎, 𝑏) =
Γ(𝑎)Γ(b)

Γ(𝑎+b)
 ,  𝑎, 𝑏 > 0 and  𝑟𝑖 = 0,1, … , 𝑛 − 𝑚 − ∑ 𝑟𝑗

𝑖−1
𝑗=1 , 𝑖 = 1,2, … , (𝑚 − 1). The 

probability mass function given in Eq. (2.8) is known as Beta-binomial distribution and it is denoted by 

𝐵𝑒𝑡𝑎 − 𝐵𝑖𝑛𝑜𝑚(𝑛∗, 𝑎, 𝑏) (Singh et al. 2013). The sampling procedure for generating a progressively 

Type-II censored sample with Beta-binomial removals from a test, is illustrated in Table 1. 

The joint probability of 𝑅1 = 𝑟1, 𝑅2 = 𝑟2, … , 𝑅𝑚 = 𝑟𝑚 is given by 

𝑃(𝑅 = 𝑟, 𝑎, 𝑏) = 𝑃[𝑅1 = 𝑟1] 𝑥 𝑃[𝑅2 = 𝑟2|𝑅1 = 𝑟1] 𝑥 …                                                                      

                 𝑥 𝑃[𝑅𝑚−1 = 𝑟𝑚−1|𝑅𝑚−2 = 𝑟𝑚−2,…,𝑅1 = 𝑟1]                                                                      (2.9) 

then 

𝑃(𝑅 = 𝑟, 𝑎, 𝑏) = 𝐴
1

(𝐵(𝑎, 𝑏))𝑚−1
∏ 𝐵(𝑎 + 𝑟𝑖, 𝑏 + 𝑛 − 𝑚 − ∑ 𝑟𝑗

𝑖

𝑗=1

)

𝑚−1

𝑖=1

                                       (2.10) 

where  𝐴 =
(𝑛−𝑚)!

∏ 𝑟𝑖!(𝑛−𝑚−∑ 𝑟𝑗)!𝑚−1
𝑗=1

𝑚−1
𝑖=1

 . 

Moreover, we presume that iR  is independent of iX  for all ith. Accordingly, the likelihood function can 

be expressed as 

𝐿(𝛼, 𝛽, 𝑎, 𝑏; 𝑥, 𝑟) = 𝐿1(𝛼, 𝛽; 𝑥|𝑅 = 𝑟)𝑃(𝑅 = 𝑟, 𝑎, 𝑏)                                                                (2.11) 
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Table 1: Sampling procedure for a life test under progressive Type-II censoring scheme with Beta-

binomial removals 

 

 

3. MAXIMUM LIKELIHOOD ESTIMATIONS 

In this section, we derive the maximum likelihood estimators (MLEs) of the parameters 𝛼, 𝛽 and 𝑎, 𝑏 

under progressively Type II censoring sample with random removals where the number of units removed 

at each failure time follows a Beta-binomial distribution. 

It is clear that 𝐿1(𝛼, 𝛽) does not include 𝑎 and 𝑏 .Thus, the MLEs of 𝛼 and 𝛽 can be derived by 

maximizing Eq. (2.4) directly. The log likelihood of 𝐿1(𝛼, 𝛽) is written as:  

𝑙1(𝛼, 𝛽; 𝑥|𝑅 = 𝑟) = 𝑙𝑛𝐶 + 𝑚𝑙𝑛𝛼 + 𝑚𝑙𝑛𝛽 − 𝛽 ∑ 𝑥𝑖
𝛼(1 + 𝑟𝑖) +

𝑚

𝑖=1

(𝛼 − 1) ∑ 𝑙𝑛𝑥𝑖

𝑚

𝑖=1

                (3.1) 

The MLEs of 𝛼 and β, can be obtained by solving the following normal equations: 

𝜕𝑙1(𝛼, 𝛽; 𝑥|𝑅 = 𝑟)

𝜕𝛽
=

𝑚

𝛽
− ∑ 𝑥𝑖

𝛼(1 + 𝑟𝑖)

𝑚

𝑖=1

= 0                                                                                (3.2) 

𝜕𝑙1(𝛼, 𝛽; 𝑥|𝑅 = 𝑟)

𝜕𝛼
=

𝑚

𝛼
− 𝛽 ∑ 𝑥𝑖

𝛼(1 + 𝑟𝑖)𝑙𝑛𝑥𝑖 +

𝑚

𝑖=1

∑ 𝑙𝑛𝑥𝑖

𝑚

𝑖=1

= 0                                                (3.3) 

It should be noted that there is no explicit solution for Eqs. (3.2) - (3.3), and thus, iterative methods 

should be used [34, 36]. In this paper, we use the well-known Newton-Rapson to obtain the MLEs 𝛼̂ 

and 𝛽̂ of 𝛼 and β.  

Similarly, because of  𝑃(𝑅 = 𝑟, 𝑎, 𝑏) does not involve 𝛼 and 𝛽, the MLEs of 𝑎 and 𝑏 can be derived by 

maximizing Eq. (2.10) directly. The log likelihood of 𝑃(𝑅 = 𝑟, 𝑎, 𝑏) is written as 

log 𝑃 = 𝑙𝑛𝐴 − (𝑚 − 1)[𝑙𝑛 Γ(a) + lnΓ(b) − lnΓ(a + b)]  + ∑ 𝑙𝑛Γ(a + 𝑟𝑖)

𝑚−1

𝑖=1

                                 

+ ∑ 𝑙𝑛Γ(n − m −

𝑚−1

𝑖=1

∑ 𝑟𝑗

𝑖

𝑗=1
+ 𝑏) − ∑ 𝑙𝑛Γ (n − m − ∑ 𝑟𝑗

𝑖−1

𝑗=1
+ 𝑎 + 𝑏)

𝑚−1

𝑖=1

  (3.4) 

The MLEs 𝑎̂ and 𝑏̂ of  𝑎 and 𝑏 can be obtained by solving the normal equations  
𝑑 log 𝑃 

𝑑𝑎
= 0 and 

 
𝑑 log 𝑃 

𝑑𝑏
= 0. However, we will not concerned with that in this paper. 
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4. APPROXIMATE MAXIMUM LIKELIHOOD ESTIMATION 

Since the ML estimators of 𝛼 and 𝛽 do not obtain as explicit formulas for the Weibull distribution based 

on progressive Type II censored sample with random removals, we derive the approximate maximum 

likelihood (AML) estimators developed by Balakrishnan (1989) and (Balakrishnan & Vardan 1991) to 

estimate the parameters 𝛼 and 𝛽.   

As mentioned before, since the probability 𝑃(𝑅 = 𝑟, 𝑎, 𝑏) does not depend on the parameters 𝛼 and 𝛽, 

so we ignore it and if we consider  the  transformation  𝑉𝑖 = ln 𝑋𝑖, 𝑖 = 1,2, … , 𝑚  and   𝛼 =
1

𝜎
    and  

 𝜇 = −
1

𝛼
𝑙𝑛𝛽. Then, the likelihood function can be written as: 

𝐿1(𝜎, 𝜇|𝑅 = 𝑟) = 𝐶 ∏
1

𝜎
𝑒

𝑣𝑖−𝜇
𝜎

−𝑒
𝑣𝑖−𝜇

𝜎

𝑚

𝑖=1

(𝑒
𝑣𝑖−𝜇

𝜎 )𝑟𝑖                                                                                (4.1) 

where  𝐶 = 𝑛(𝑛 − 𝑚 − 𝑟1) … (𝑛 − 𝑚 − ∑ 𝑟𝑖 + 1)𝑚
𝑖=1 . 

Let 𝑧𝑖 =
𝑣𝑖−𝜇

𝜎
 , 𝑔(𝑧𝑖) = 𝑒𝑧𝑖−𝑒𝑧𝑖

 and  𝐺̅(𝑧𝑖) = 𝑒−𝑒𝑧𝑖
 , then the Eq. (4.1) can be rewritten as: 

𝐿1(𝜎, 𝜇|𝑅 = 𝑟) = 𝑐 ∏
1

𝜎

𝑚

𝑖=1

𝑔(𝑧𝑖)(𝐺̅(𝑧𝑖))𝑟𝑖                                                                                             (4.2) 

with the log-likelihood function 

𝑙1(𝜎, 𝜇; 𝑥|𝑅 = 𝑟) = 𝑙𝑛𝑐 − 𝑚𝑙𝑛𝜎 + ∑ 𝑔(𝑧𝑖)

𝑚

𝑖=1

+ ∑ 𝑟𝑖

𝑚

𝑖=1

𝐺̅(𝑧𝑖)                                                              (4.3)  

Taking partial differentiation of 𝑙1(𝜎, 𝜇; 𝑥|𝑅 = 𝑟) with respect to 𝜇 and 𝜎, the normal equations are 

given following as: 

𝑑𝑙1(𝜎, 𝜇; 𝑥|𝑅 = 𝑟)

𝑑𝜇
= −

1

𝜎
∑

𝑔′(𝑧𝑖)

𝑔(𝑧𝑖)

𝑚

𝑖=1

+ ∑
𝑟𝑖

𝜎

𝑚

𝑖=1

𝑔(𝑧𝑖)

𝐺̅(𝑧𝑖)
= 0                                                                  (4.4) 

𝑑𝑙1(𝜎, 𝜇; 𝑥|𝑅 = 𝑟)

𝑑𝜎
= −

𝑚

𝜎
− ∑

𝑔′(𝑧𝑖)

𝑔(𝑧𝑖)
 

𝑚

𝑖=1

𝑧𝑖

𝜎
+ ∑ 𝑟𝑖

𝑚

𝑖=1

𝑔(𝑧𝑖)

𝐺̅(𝑧𝑖)

𝑧𝑖

𝜎
= 0                                                   (4.5)  

Clearly, the normal equations (4.4) and (4.5) do not have explicit solutions. Thus, we consider a first 

order Taylor expansion to the function 
𝑔′(𝑧𝑖)

𝑔(𝑧𝑖)
 and 

𝑔(𝑧𝑖)

𝐺̅(𝑧𝑖)
 around the  𝐺−1(𝑝𝑖) = ln(−𝑙𝑛𝑞𝑖) = 𝜇𝑖  where 

𝑝𝑖 =
𝑖

𝑚+1
 , 𝑞𝑖 = 1 − 𝑝𝑖, 𝑖 = 1,2, … , 𝑚 see (Balakrishnan & Aggarwala 2000) and (Hashemi & Amiri 

2011). 

Then, we can consider the following approximations: 

𝑔′(𝑧𝑖)

𝑔(𝑧𝑖)
≈ 𝛼𝑖 − 𝛽𝑖𝑧𝑖                                                                                                                                     (4.6) 

𝑔(𝑧𝑖)

𝐺̅(𝑧𝑖)
 ≈ 1 − 𝛼𝑖 + 𝛽𝑖𝑧𝑖                                                                                                                             (4.7) 

where  𝛼𝑖 = 1 + 𝑙𝑛𝑞𝑖(1 − ln(−𝑙𝑛𝑞𝑖)) and 𝛽𝑖 = −𝑙𝑛𝑞𝑖. By using Eqs. (4.6) and (4.7) into  Eqs. (4.4) 

and (4.5), we get 

− ∑(

𝑚

𝑖=1

𝛼𝑖 − 𝛽𝑖𝑧𝑖) + ∑ 𝑟𝑖

𝑚

𝑖=1

(1 − 𝛼𝑖 + 𝛽𝑖𝑧𝑖) = 0                                                                                  (4.8) 
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−𝑚 − ∑(

𝑚

𝑖=1

𝛼𝑖 − 𝛽𝑖𝑧𝑖)𝑧𝑖 + ∑ 𝑟𝑖

𝑚

𝑖=1

(1 − 𝛼𝑖 + 𝛽𝑖𝑧𝑖)𝑧𝑖 = 0                                                                  (4.9) 

From Eqs. (4.8) and (4.9), we can obtain  

𝜇 = 𝐵 − 𝐷 𝜎                                                                                                                                            (4.10) 

𝑚𝜎 2 + 𝐸𝜎 − 𝐹 = 0                                                                                                                              (4.11) 

where,  

𝐵 =
∑ (𝑟𝑖 + 1)𝛽𝑖𝑧𝑖

𝑚
𝑖=1

∑ (𝑟𝑖 + 1)𝛽𝑖
𝑚
𝑖=1

,         𝐷 =
∑ 𝛼𝑖 −𝑚

𝑖=1 ∑ 𝑟𝑖
𝑚
𝑖=1 (1 − 𝛼𝑖)

∑ (1 + 𝑟𝑖
𝑚
𝑖=1 )𝛽𝑖

 ,        

𝐸 = ∑ 𝛼𝑖(𝑥𝑖
𝑚
𝑖=1 − 𝐵) − ∑ 𝑟𝑖(1 − 𝛼𝑖)𝑚

𝑖=1 (𝑥𝑖 − 𝐵) − 2𝐷 ∑ (1 + 𝑟𝑖)𝑚
𝑖=1 𝛽𝑖(𝑥𝑖 − 𝐵), 

 𝐹 = ∑ (1 + 𝑟𝑖)𝑚
𝑖=1 𝛽𝑖(𝑥𝑖 − 𝐵)2 .  

Thus, AML estimators of 𝜎 and  𝜇 are, respectively, 𝜎̂  =
−𝐸+√𝐸2+4𝐹𝑚

2𝑚
  and 𝜇̂ = 𝐵 − 𝐷𝜎̂ . Then, we 

obtain  𝛼̂  = 1  𝜎̂ ⁄  and 𝛽̂ = 𝑒−𝛼̂𝜇̂ as the AMLE of  𝛼 and 𝛽.  

 

5. SIMULATION 

In this section, a Monte Carlo simulation study is conducted to compare the performance of the ML and 

AML estimates derived in the previous sections for progressively Type II censoring data with the 

different Beta-binomial random schemes. 

 

5.1 Algorithm for generating progressively type-II censored samples from Weibull distribution 

By applying the algorithms given in (Balakrishnan & Aggarwalla 2000) and (Singh et al. 2013), the 

following steps are used generate progressively Type II censored data with the Beta-binomial removals 

from Weibull distribution. 

The steps are: 

1. Fix the values of 𝑛, 𝑚,. 

2. Fix the values of parameters 𝛼, 𝛽 and 𝑎, 𝑏. 

3. Generate a random number 𝑟1 from 𝐵𝑒𝑡𝑎 − 𝐵𝑖𝑛𝑜𝑚(𝑛 − 𝑚, 𝑎, 𝑏).   

4. Generate a random number 𝑟𝑖 from 𝐵𝑒𝑡𝑎 − 𝐵𝑖𝑛𝑜𝑚(𝑛 − 𝑚 − ∑ 𝑟𝑗
𝑖−1
𝑗=1 , 𝑎, 𝑏); 𝑖 = 2, … , 𝑚 − 1 

5. Set 𝑟𝑚 = {
𝑛 − 𝑚 − ∑ 𝑟𝑗  

𝑚−1
𝑗=1 𝑖𝑓  𝑛 − 𝑚 − ∑ 𝑟𝑗  

𝑚−1
𝑗=1 > 0

0                  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.
} 

6. Generate 𝑚 independent 𝑤𝑖;  𝑖 = 1,2, … , 𝑚 from 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0,1). 

7. Set 𝑉𝑖 = 𝑤𝑖
1/(𝑖+∑ 𝑟𝑗

𝑚
𝑗=𝑚−𝑖+1 )

  ∀  𝑖 = 1,2, … , 𝑚. 

8. Set 𝑈𝑖 = 1 − 𝑉𝑚𝑉𝑚−1 … 𝑉𝑚−𝑖+1   ∀  𝑖 = 1,2, … , 𝑚.  Then, 𝑈1, 𝑈2, … , 𝑈𝑚 are ranked progressive 

censored sample of size 𝑚  from  𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0,1)  with Beta-binomial removals. 

9. Finally, for fixed values of parameters 𝛼 and 𝛽, we set 𝑋𝑖 = 1 − 𝐹−1(𝑈𝑖) = (
−ln (1−𝑈𝑖)

𝛽
)

1/𝛼
. Then, 

(𝑋1, 𝑋2, … , 𝑋𝑚) is the progressive type-II censored sample from the Weibull distribution with the 

Beta-binomial removals. 

 

http://www.scientific-publications.net/


Economy & Business 

ISSN 1314-7242, Volume 10, 2016 

Journal of International Scientific Publications 

www.scientific-publications.net 

 

Page 511 

 

5.2 Simulation design 

 Given the values of parameters  𝛽 = 1;   𝛼 = 1.5, 2 and 𝛽 = 2;  𝛼 = 2, sample size 𝑛, the number 

of failure 𝑚 and the values of parameters 𝑎 and 𝑏, generate a progressively type-II censored sample 

using the algorithms in Section 5.1. The sample size 𝑛 is taken as 20, 30 and 50, the value of 

percentiles 𝑚 failures are taken as (
𝑚

𝑛
) 𝑥100 = 40% and 80% and the values of parameters (𝑎, 𝑏) 

are considered as (1,1) and (2,2). 

 Compute the ML and AML estimates of parameters 𝛼 and 𝛽. 

 Repeat first and second steps 5000 times.  

 Compare the performance of the ML and AML estimators by computing bias and MSE. 

 

5.3 Simulation results   

The obtained results from the simulation study are summarized in Tables 2-3. First, table 2 provides the 

bias and MSE of the ML and AML estimators for 𝛽 = 1, 𝛼 = 1.5 and 𝑎 = 1, 𝑏 = 1 ,  𝑎 =  2 , 𝑏 = 2.  

 

Table 2: Simulation results for 𝛽 = 1, 𝛼 = 1.5 

 

 

The results given in Table 2 point out that for 𝛽 and 𝛼, the MSEs of MLEs and AMLEs decrease when 

the sample size n and the failure information m increase under all censoring random schemes.  The 

MLEs overestimate 𝛽 and 𝛼. However, the AMLE underestimate 𝛼 except for n=50,m=40 while 𝛽 is 

overestimated by the AMLE. For 𝛽, the MLE provides minimum biases when all the sample sizes and 

censoring random schemes. The AMLE exhibits the best performance for 𝛼 in terms of biases. With 

respect to the MSEs, for all the sample sizes and censoring random schemes, while the MLE gives the 

best estimates for 𝛽, the AMLE is the best estimator for 𝛼.  

Table 3 reports the bias and MSE of the ML and AML estimators for 𝛽 = 1, 𝛼 = 2 and 𝑎 = 1, 𝑏 = 1 , 

 𝑎 =  2 , 𝑏 = 2. 
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Table 3: Simulation results for 𝛽 = 1, 𝛼 = 2 

 

 

It can be seen from Table 3 that similar to results of  𝛽 = 1, 𝛼 = 1,5, when 𝛽 = 1, 𝛼 = 2,  the MLE 

performs better than the AMLE for 𝛽 according to the biases and MSEs when all the sample sizes and 

censoring random schemes. For  𝛼, the biases and MSEs of the AMLE are smaller than the MLE for all 

considered censoring random schemes and sample sizes.   

Table 4 provides the bias and MSE of the ML and AML estimators for 𝛽 = 2, 𝛼 = 2 and 𝑎 = 1, 𝑏 = 1, 

 𝑎 =  2 , 𝑏 = 2. 

 

  

http://www.scientific-publications.net/


Economy & Business 

ISSN 1314-7242, Volume 10, 2016 

Journal of International Scientific Publications 

www.scientific-publications.net 

 

Page 513 

 

Table 4: Simulation results for 𝛽 = 2, 𝛼 = 2 

 

 

It can be concluded from Table 4 that the MLEs underestimate 𝛽, but it overestimate 𝛼 for when all the 

sample sizes and censoring random schemes. The AMLE underestimate 𝛽 except for 𝑛 = 50, 𝑚 = 40 

while 𝛼 is underestimated by the AMLE when the rate of 𝑚 failures in the 𝑛 sample is %40. According 

to biases, for 𝛽, the AMLE shows the best performance for all the sample sizes and censoring random 

schemes. However, the MLE provides minimum biases for 𝛼 when the rate of 𝑚 failures in the 𝑛 sample 

is 0.4. With respect to the MSEs, the AMLE gives the best result for 𝛽 when all the sample sizes and 

censoring random schemes, but the MLE works well  for 𝛼 when 𝑛 = 30, 𝑚 = 12 and 𝑛 = 50, 𝑚 = 20.  

 

6. CONCLUSION 

In this study, we have considered the problem of parameter estimation for Weibull distribution in 

presence of progressively Type-II censored sample with Beta-Binomial removals. For this purpose, the 

maximum likelihood (ML) and approximate maximum likelihood (AML) estimators for the parameters 

of the Weibull distribution based on this type of censored sample are derived. Furthermore, the 

performance of ML and AML estimators is compared in terms of bias and MSE for different sample 

sizes and random schemes via a Monte Carlo simulation. 

As a consequence, the overall simulation results reveal the following:  

 When the values of parameters are 𝛽 = 1;   𝛼 = 1.5, 2, for all the sample sizes and censoring random 

schemes, the MLE performs better than the AMLE in terms of bias and MSE for 𝛽 and the AMLE 

provides minimum biases and MSEs for 𝛼. 

 If the values of parameters are 𝛽 = 2;   𝛼 =  2, considering bias and MSE, the AMLE is exhibits 

best performance for  𝛽 when all the sample sizes and censoring random schemes. the AMLE gives 

mostly good estimates for 𝛼.  However, the MLE provides minimum biases and MSE for only α 

when the rate of m failures in the n sample is 0.4.  
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 Based on this, the AML is generally more efficient than ML to estimate the parameters 𝛽 and 𝛼 of 

Weibull distribution under progressively Type-II censored sample with Beta-Binomial removals. 
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