
Materials, Methods & Technologies 

ISSN 1314-7269, Volume 11, 2017 

Journal of International Scientific Publications 

www.scientific-publications.net 

 

Page 198 

 

MONTE CARLO STUDIES ON ELONGATION OF LIQUID CRYSTAL ELASTOMERS 

UNDER EXTERNAL ELECTRIC FIELD 

E. V. Proutorov1, H. Koibuchi2 

1Department of Physics, Cherepovets State University,  

Lunacharsky Prospect 5, Cherepovets 162600, Russia 

2National Institute of Technology, Ibaraki College,  

Nakane 866, Hitachinaka, Ibaraki 312-8508, Japan 

 

Abstract 

We study the elongation of three–dimensional (3D) liquid crystal elastomers (LCE) under external 

electric field by using Finsler Geometry model. The interaction between liquid crystals (LC) and 

polymer (or bulk material) is implemented in the Finsler metric. For describing directional degrees of 

LC molecules, we use variable σ. Performing Monte Carlo simulation for 3D LCE object, we find that 

the strain versus electric field is in good agreement with reported experimental data. 
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1. INTRODUCTION 

LCE is a flexible material composed of polymeric elastomers and liquid crystal (LC) molecules and 

attracts a lot of attention in engineering applications. There are several reviews and books for LCE 

(Ohm, Brehmer and Zentel 2010; Sánchez-Ferrer 2014; Urayama 2007; Warner and Terentjev 2003). 

Their most interesting property is the reversible shape change under applied external filed, and this 

property is independent of the nature of forces; mechanical force or electric field. This was predicted 

by de Gennes in 1975 (de Gennes 1975). Since then it has been discussed that LCEs can be used as 

sensors, actuators, and artificial muscles in robots (de Gennes, Hébert and Kant 1997; Madden et al. 

2004). 

Reorientation of the LC director in electric fields is the basis for liquid crystal displays. Therefore, this 

property of LC also plays an important role inside the polymer network of LCE. Thus, the network is 

reoriented inside LCE, and the LCE shape is changed. However, despite that the properties of the 

polymers and liquid crystals are well known, the elongation mechanism of LCE is poorly understood. 

The main difficulty comes from the fact that the shape change originates in the structural change. It is 

impossible to change the direction of LC molecules if the shape of LCE is kept fixed (Urayama 2011). 

Therefore, to understand the mechanism for the elongation of LCE, it is necessary to clarify the 

interaction between the directional degrees of freedom 𝜎⃗ of LC and the positional degrees of freedom 

𝑟 of LC in LCE. This interaction is implemented in the Finsler geometry (FG) model. More detailed 

information is written in (Osari and Koibuchi 2017). In the FG model the interaction energy between 

𝜎⃗s is assumed in the Hamiltonian. The responses to the external mechanical forces and thermal 

fluctuations are clarified (Osari and Koibuchi 2017). 

However, the detailed information of the response to the external electric field is not yet obtained. It 

was reported that this response can be studied by using FG model (Koibuchi 2017). In this paper, we 

study the elongation of LCE under external electric field using the FG model, with two different 

Finsler metrics, and we compare the Monte Carlo (MC) simulation results with the reported 

experimental data. 
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2. THE MODEL 

In this section, we introduce a discrete 3D FG model for 3D LCE. For more detailed information on 

the 2D FG model please see (Koibuchi and Sekino 2014). The spherical body is constructed by 

Voronoi tessellation with tetrahedrons, which are composed of vertices, bonds and triangles (Figs.1(a), 

1(b)). The mean bond lengths inside sphere are almost the same as the mean bond lengths on the 

surface. The reason why sphere is used is because the simulations are relatively easy for spheres than 

for cylinders. 

 

 
 

(a) (b) 

Fig. 1. (a) Triangulated spherical body with 𝑁 = 10619, where 𝑁 is total number of vertices.  

(b) Tetrahedron on which Hamiltonian is defined, where 𝑙𝑖𝑗 is the bond length from i to j vertices, 𝑡12 

is the unit vector of the bond between 1 and 2 vertices, 𝜎1 represents the direction of LC molecule at 1 

vertex. 

 

The discrete Hamiltonian 𝑆(𝑟, 𝜎⃗) is defined by: 

𝑆(𝑟̅, 𝜎̅) = 𝜆𝑆0 + 𝛾𝑆1 + 𝜅𝑆2 + 𝛼𝑆3 + 𝑈3𝐷 ,    (𝛾 = 1),   

𝑆0(𝜎̅) =
1

2
∑ [1 − 3(𝜎⃗𝑖 ∙ 𝜎⃗𝑗)

2
]𝑖𝑗  , 

𝑆1(𝑟, 𝜎⃗) =
1

4𝑁̅
∑ 𝛾𝑖𝑗𝑙𝑖𝑗

2

𝑖𝑗

, Г𝑖𝑗 = ∑ 𝛾𝑖𝑗(tet)

tet

, 𝑙𝑖𝑗
2 = (𝑟𝑖 − 𝑟𝑗)

2
, 

𝑆2(𝑟) = ∑[1 − cos(𝜙𝑖 − 𝜋/3)]

𝑖

, 

𝑆3(𝜎⃗) = − ∑(𝜎⃗𝑖 ∙ 𝐸⃗⃗)
2

𝑖

, 𝐸⃗⃗ = (𝐸, 0,0), 

𝑈3𝐷 = ∑ 𝑈3𝐷(tet)

tet

,       𝑈3𝐷(tet) = {
0   (Vol(tet) > 0)
∞   (otherwise)

. 

(1) 

Where 𝑟 and 𝜎⃗ is the three-dimensional vertex position and the directional degrees of freedom of an 

LC molecule, respectively. 𝜆𝑆0 is the interaction energy between 𝜎⃗s, and the non-polar interaction is 

assumed between 𝜎⃗s with the interaction strength 𝜆.  For 𝜆 → 0, 𝜎⃗ becomes disordered (corresponding 

to the isotropic phase) and no anisotropy is expected, while for 𝜆 → ∞  𝜎⃗  becomes ordered 

(corresponding to the nematic phase) and anisotropy is expected.  𝑆0 is the Lebwohl-Lasher potential, 
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which is used for the study of the phase transition in LC between the nematic and isotropic phases. 𝑆1 

is the Gaussian bond potential, where the tension is fixed to 𝛾 = 1.  𝑆1 is given by: 

𝑆1 = ∫ √𝑔𝑑3𝑥𝑔𝑎𝑏
𝜕𝑟

𝜕𝑥𝑎
∙

𝜕𝑟

𝜕𝑥𝑏
 (2) 

where 𝑥𝑎(𝑎 = 1,2,3) is the parameter of the spherical body, and 𝑔𝑎𝑏  is the inverse of the Finsler 

metric 𝑔𝑎𝑏: 

𝑔𝑎𝑏 = (

1/𝑣12
2 0 0

0 1/𝑣13
2 0

0 0 1/𝑣14
2

),        𝑣𝑖𝑗 = |𝜎⃗𝑖 ∙ 𝑡𝑖𝑗|, (3) 

where 𝑔 is the determinant, and 𝑡𝑖𝑗 is the unit vector of the bond ij along the direction 𝑖 → 𝑗 vertices 

such that 𝑡𝑖𝑗 =
(𝑟𝑗 − 𝑟𝑖)

|𝑟𝑗 − 𝑟𝑖|
⁄ . The 𝑁̅ in Eq. (1) given by 𝑁̅ = (1/𝑁𝐵) ∑ 𝑛𝑖𝑗𝑖𝑗 , where 𝑁𝐵 is the total 

number of the bonds, and 𝑛𝑖𝑗  is the total number of the tetrahedrons sharing the ij bond. The 

coefficients 𝛾𝑖𝑗 in Г𝑖𝑗 are defined by: 

𝛾12 =
𝑣12

𝑣13𝑣14
+

𝑣21

𝑣23𝑣24
𝛾13 =

𝑣13

𝑣12𝑣14
+

𝑣31

𝑣32𝑣34
,

𝛾14 =
𝑣14

𝑣12𝑣13
+

𝑣41

𝑣43𝑣42
𝛾23 =

𝑣23

𝑣21𝑣24
+

𝑣32

𝑣31𝑣34
,

𝛾24 =
𝑣24

𝑣23𝑣21
+

𝑣42

𝑣41𝑣43
𝛾34 =

𝑣34

𝑣31𝑣32
+

𝑣43

𝑣41𝑣42
.

 (4) 

Note that 𝛾𝑖𝑗 = 𝛾𝑗𝑖  (see (Osari and Koibuchi, 2017) for the details). The 𝜅𝑆2  is the energy for 

maintaining the shape of tetrahedrons, where 𝜅 is the rigidity coefficient corresponding to the polymer 

stiffness. The 𝜙𝑖  is the internal angle of the triangles Fig.1(b). The 𝛼𝑆3  is the interaction energy 

between 𝜎⃗ and the external electric field 𝐸⃗⃗, where 𝛼 corresponds to the dielectric anisotropy ∆𝜀, which 

will be discussed later. The potential 𝑈3𝐷 protects the tetrahedron volume from being negative. 

 The partition function is defined by: 

𝑍 = ∑ ∫ ∏ 𝑑𝑟𝑖

𝑁

𝑖=1

exp [−𝑆(𝑟 , 𝜎⃗)],

𝜎⃗⃗⃗

 (5) 

where Σ𝜎⃗⃗⃗ denotes the sum of all possible values of 𝜎⃗. 

         In the simulations, the volume  𝑉 of the sphere is fixed to a constant value such as 

𝑉 = 𝑉0.                                                                                     (6) 

See (Osari and Koibuchi 2017) for the details on the volume constant simulation. The constant  𝑉0 in 

Eq. (6) is determined in the simulations without the constraint of Eq. (6) using the same parameters as 

the volume constant simulations.  

 

3. DETAILS OF EXISTING EXPERIMENTAL DATA 

In this chapter, we would like to introduce the details of the existing experiment reported in (Urayama 

et al. 2005). The data in (Urayama et al. 2005) are used for the comparison with the simulation data. In 

this Urayama’s paper, the authors experimentally studied electrically driven deformation of the side 

chain nematic LCE swollen by nematic solvent. 
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Fig. 2. Schematic representation of the experimental setup in (Urayama et al. 2005). 

 

The samples are in the cylindrical shape. They are placed in the cell between electrodes (Fig.2). Also, 

the cell is filled with the nematic solvent. The temperature is controlled to change the phase states, 

nematic or isotropic, of the LCE and the surrounding solvent. 

 

   

(a) (b) (c) 

Fig. 3. The shape of samples (a) before and (b), (с) after applying external electric field 𝐸 with 

positive (b) and negative (c) dielectric anisotropy. 

 

When the dielectric anisotropy of the sample is positive, the sample is stretched in the field direction 

and compressed in the normal to the field axes (Fig.3(b)). In contrast, when the dielectric anisotropy is 

negative, the sample is compressed in the field direction and stretched in the normal to the field 

direction (Fig.3(c)). 

Note that the volume of LCE under electric field remains unchanged after the elongation. The 

deformation behavior of LCE, which consist of the nematic network and solvent, depends on the sign 

of the dielectric anisotropy, on the phase state (nematic or isotropic), and on the elasticity. The sample 

deformation can also be influenced by the surrounding solvent, however, this influence can be 

neglected because the same solvents are used inside and outside. 

However, the direction of the LC molecules in the initial state (𝐸 = 0) is unclear, because there is no 

noticeable variation in birefringence before and after applying electric field (Urayama et al. 2005). For 

this reason, we start with a random initial configuration for the LC molecules corresponding to the 

isotropic phase. 
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4. RESULTS 

4.1. Monte Carlo simulation data 

In the simulations, we use a sphere instead of a cylinder for simplicity. The Metropolis MC technique 

was used for update parameters 𝑟 and 𝜎⃗. First, we show the Monte Carlo data. The strain  𝐿 𝐿0
⁄ − 1 vs. 

external field 𝐸, and the order parameter 𝑀 vs. 𝐸  for 𝜅 = 0.3, 𝜆 = 0; 0.1; 0.2 are plotted in Figs. 4(a) 

and 4(b).  𝑀 is defined by: 

𝑀 =
3

2
(

1

𝑁
∑ 𝜎𝑖𝑧

2 −
1

3
𝑖

) (7) 

where 𝜎𝑖𝑧 is the z-component of 𝜎𝑖 (Koibuchi 2017). 

 

 

Fig. 4. Results of the model simulation for 𝑁 = 10619. (a) The strain 𝐿 𝐿0
⁄ − 1 vs. external field 𝐸 for 

𝜅 = 0.3, 𝜆 = 0; 0.1; 0.2, and (b) the order parameter 𝑀 vs. 𝐸. 

 

In the strains 
𝐿𝑖

𝐿0𝑖
⁄ − 1, (𝑖 = 1,2,3), 𝐿0𝑖  (𝑖 = 1,2,3) denote the initial (𝐸 = 0) sizes of the sphere, and 

𝐿𝑖(𝑖 = 1,2,3), (𝐿1 > 𝐿2 > 𝐿3) are the final sizes of the sphere. Indices 𝑖 = 1,2,3 correspond to the 

direction of the strain of the sphere as shown in the Fig.5.  

 

 

Fig. 5. Diameters 𝐿01, 𝐿02, 𝐿03 in a deformed sphere, where 𝐿01 > 𝐿02 > 𝐿03 
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From Fig. 4 we can see how the strain and 𝑀 depend on 𝜆. The strain abruptly changes for the small 

region of 𝐸, and this change becomes sharp with increasing 𝜆. This is because the interaction between 

𝜎s is strengthened with increasing 𝜆, and this means that the response of alignment of 𝜎⃗ to the electric 

field becomes stronger for non-zero 𝜆 than the case of 𝜆 = 0. In this figure, the value of strain in the 

limit of 𝐸 → ∞  is independent of  𝜆 . It is not necessary to say that 𝑀  in the limit of 𝐸 → ∞  is 

independent of  𝜆 (Figs.4(a),4(b)). 

The results of  𝐿 𝐿0
⁄ − 1  and 𝑀  are plotted in Fig.6, where 𝜅  is varied. We see that 𝑀  is almost 

independent of 𝜅. In contrast,  𝐿 𝐿0
⁄ − 1 is noticeably dependent on 𝜅. Indeed, when 𝜅 is increased, the 

strain is decreased. This is reasonable, because the material is hard to deform for large 𝜅. 

 

 

Fig. 6. Results of the simulation for 𝑁 = 10619. (a) Strain 𝐿 𝐿0
⁄ − 1 vs. 𝐸 for 𝜆 = 0, 𝜅 = 0.3; 0.4, (b) 

𝑀 vs. 𝐸. 

 

4.2. Snapshots 

 

         (a) (b) (c) 

Fig. 7. Snapshots of the spheres of size 𝑁 = 16124, 𝜆 = 0, 𝜅 = 0.3, where the external field 𝐸 is 

vertically applied. 𝐸 = 0 in (a), and 𝐸 = 1.2 in (b) 𝛼 = 1  and (c) 𝛼 = −1 corresponding to positive 

and negative dielectric anisotropy. The shape in (a) is symmetric under the rotation of any axes, while 

these in (b) and (c) are symmetric only around 𝑧 axis. 
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First we show the snapshots of the spheres, of which the size is N=16124. We assume 𝜆 = 0 and  𝜅 =
0.3 with positive (Fig.7(b)) and negative (Fig.7(c)) dielectric anisotropy ∆𝜀 = 𝜀∥ − 𝜀⊥, where 𝜀∥ and 

𝜀⊥ are the dielectric constant along and perpendicular to the field direction (Urayama et al. 2005). In 

our model, we assume the following two cases: 

∆𝜀 > 0  (positive), ∆𝜀 < 0  (negative). (8) 

Therefore, ∆𝜀 > 0 (∆𝜀 < 0)  corresponds to positive (negative) 𝛼 in Eq. (1). The electric field is 𝐸 =
0  (Fig.7(a)) and 𝐸 = 1.2  (Fig.7(b),7(c)). When 𝐸 = 0 , the sphere remains unchanged and all LC 

molecules are at random because of the isotropic phase (𝜆 = 0). When we increase 𝐸, the sphere 

shape changes. When the dielectric anisotropy is positive (negative), the sphere elongates in the 

electric field direction (orthogonal to the field direction) and shrinks into the orthogonal direction (the 

field direction) as we can see in Fig. 7(b) (Fig. 7(c)). 

 

4.3. Comparison with the experimental data 

Next we compare the numerical results of the FG model for  𝑣𝑖𝑗 = |𝜎⃗𝑖 ∙ 𝑡𝑖𝑗| with experimental data 

(Fig.8). To do this, we should pay attention to the unit of energy 𝛼𝑆3. In the simulation, the unit of 𝛼𝑆3 

is assumed to be [𝑘BT]. On the other hand, in the experiment   𝜀0∆𝜀(𝜎⃗𝑖 ∙ 𝐸⃗⃗)
2
 has the unit of [

N

m2
] =

[Pa] . Therefore, to compare  𝛼(𝜎⃗𝑖 ∙ 𝐸⃗⃗sim)
2

𝑘B𝑇 [Nm]  with 𝜀0∆𝜀(𝜎⃗𝑖 ∙ 𝐸⃗⃗)
2

[Pa] , the simulation data 

𝛼(𝜎⃗𝑖 ∙ 𝐸⃗⃗sim)
2

𝑘B𝑇 [Nm] should be divided by a parameter that has the unit of [m3]. What is this 

parameter? The answer is 𝑎3 , in which 𝑎[m] is the lattice spacing. The lattice spacing is always 

assumed to be 𝑎 = 1 in the simulations for simplicity. Thus, we have 

𝛼𝐸sim
2 𝑘B𝑇

𝑎3
⁄ = 𝜀0∆𝜀𝐸2  ⟺   

𝛼𝑘B𝑇
𝑎3⁄ = 8.85∆𝜀.                                             (9) 

The second equation is obtained with the condition 𝐸sim
2 = 10−12𝐸2 (see Fig. 8) and 𝜀0 = 8.85 ×

10−12. This equation is satisfied for the given parameters 𝛼, 𝑇 and  ∆𝜀 if we suitably choose 𝑎. Indeed, 

we have 𝑎 = 3.06 × 10−8  for 𝛼 = 1.37 , 𝑘B𝑇 = 4 × 10−21  and ∆𝜀 = 11.5 (Cummins, Dunmur and 

Laidler 1975) in the case of Fig. 8(a), and 𝑎 = 2.83 × 10−8 for 𝛼 = −4 , 𝑘B𝑇 = 4 × 10−21 and ∆𝜀 =
−5 in the case of Fig. 8(b), where the negative  ∆𝜀 is unknown (Urayama et al. 2005), and hence we 

assume ∆𝜀 = −5 for simplicity. The important point to note is that these parameter changes can be 

absorbed into the free parameter 𝑎. Only constraint is that 𝑎 should be smaller than the Van der Waals 

distance between atoms, and therefore we find that these obtained 𝑎  are reasonable as the lattice 

spacing. 

 

http://www.scientific-publications.net/


Materials, Methods & Technologies 

ISSN 1314-7269, Volume 11, 2017 

Journal of International Scientific Publications 

www.scientific-publications.net 

 

Page 205 

 

 

Fig. 8. Comparison of the simulation and experimental data of LCE elongation under electric field. 

The simulation parameters are  𝜆 = 0, 𝜅 = 0.3 for 𝑁 = 10619. The dielectric anisotropy is positive in 

(a) 𝛼 = 1.37, and negative in (b) 𝛼 = −4. 

 

The simulation and experimental data 𝐿 𝐿0
⁄ − 1 versus external electric field 𝐸 are plotted in Fig.8 for 

positive (a), and negative (b) dielectric anisotropy. The meaning of the data symbols is the same for 

both cases. For positive anisotropy, we use 𝜆 = 0, 𝜅 = 0.3 parameters, and for negative 𝜆 = 0.1, 𝜅 =
0.3. 

For the simulations, we assume 𝜆 = 0; 0.1. This is because the variable 𝜎 is at random for 𝜆 = 0; 0.1, 

and therefore the sphere remains unchanged for 𝐸 = 0, and the simulation results 𝐸 ≥ 0 are expected 

to be independent of the initial configuration. For the nematic phase the sphere becomes oblong even 

when 𝐸 = 0, and therefore the simulation results for 𝐸 ≥ 0 are expected to be dependent on the initial 

configuration. For this reason, we use these values 𝜆 = 0; 0.1 corresponding to the isotropic phase. 

For positive dielectric case (Fig.8(a)), we find that the simulation data are in good agreement with the 

experimental data. As we can see in Fig.8(b), for the negative dielectric case, the value of the strain 
𝐿3

𝐿0
⁄ − 1 is slightly different from the experimental data. The origin of the difference is unclear at 

present, however, this will be clarified in the future studies. 

 

5. CONCLUSION 

We have studied the elongation phenomenon of the LCE under an external electric field using FG 

model. We assume the nonpolar interaction between 𝜎⃗ and 𝐸⃗⃗ and between 𝜎⃗s. We use two different 

Finsler metrics and compare our results with the experimental data reported in (Urayama et al. 2005). 

From the simulation data, we find that the simulation data are almost in good agreement with the 

existing experimental data. Our numerical data support that the FG modeling in (Koibuchi and Sekino 

2014; Osari and Koibuchi 2017) well describes the anisotropic shape transformation under external 

electric field. 

The remaining tasks are to clarify whether the FG model in the nematic states describes the 

experimental data or not. In the numerical simulations in this paper, we use sphere, which is not 

always identical to the shape (=cylinder) of LCE in the experiment in (Urayama et al. 2005). 

Therefore, it is also interesting to use cylinder in the numerical simulations. The FG modeling is also 
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expected to be possible for other objects such as ferroelectric polymer films, in which the shape also 

depends on the polymer orientation. 
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