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Abstract

In the synthesis of the hyperneuron module, lies the mathematical idea of a tangent bundle in the
space of a logical function definition. The base of the tangent bundle and the input affine
transformations of the neuron are determined on the basis of Walsh spectral representations. The
example of synthesis for a randomly given logical function of 6 variables is presented.
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1. INTRODUCTION

It is obvious that an abundant set of neurons of the same type though endowed with some orderliness
of connections, represents itself as a device with little defined functionality. So, automatically, one
may come across the existence of operational errors, and introduce into consideration a hypothetical
surface on which to search the global minimum of failure using the roving method. But if to allow, as
in many other devices for information transformation, the use of preliminary filtering of the incoming
signals, then the tasks solved by the neural network are simplified greatly. As a result, the quality of
the solution increases and that manifests itself both in terms of reducing errors and in the appearance
of a neural structure that will be convenient both for synthesis and analysis.

For this purpose, this paper considers the application of linear filters at the inputs of logical devices
(LU). In order to carry out the task the apparatus of Walsh spectral representations is used. In addition
to the input binary variables x,, i =1+n, from the multitude {x1 3 Xys ey xn} any of the 2" linear
combinations can be used. Mathematically, this is described by the expression x' = o ® x, where
o - binary (mx n)-matrix, representing the transformation of the input argument x, ®- the
operation of binary multiplication in the field of deductions GL (2), x'=(x],x},,...,x. ) is the

result of transformation: x = o, x, ®0,x, ®...® 0, x,, i =1+m, @- the operation of addition
in the field GL, (2). In such a way, the transformed variable x| represents a linear filter at the ;-
input of LU.

The application of such filters leads to the expansion of LU functionality. For instance, if some neuron
implements a logical function g(x), then the transformation ¢ of signal x at the input, insures the
implementation of the function g (x) = g(o ® x) by the same neuron. The power of the multitude
of various transformations is quite great. So, for non-degenerate o dimensions 7z x n it amounts to

n—1

0= H (2" —2"). In this respect there appears an interest in a variant of a simple implementation of
i=0

a complex function f'(x), for example, as a sum of neural functions g, (x)of a series of k£ neurons

with the input transformation o, i =1+k:

f)=g'0)@g7* (0.0 g7 (x).

However, with the increase in the dimension 7 the value Q lags behind the number F' in different

n

logical functions significantly: F =2 N =2" T QO << F. As a result, the length f of the

neural row increases, and in this way, naturally, both technical and virtual (programming) expenses on
the realization also increase.
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The extension of theatransformation abi,lities at the input can be achieved by means of affine
transformations #: ¥ =9 BxOn=x"On , where 7= 7.7 -510,) . is the binary vector of

'=oc®x

n
the argument * inversion. The number of different inversions is defined by value 2 .Asa

result, the power of the set of input transformations increases to the value 2"xQ . But, as it has been

pointed out in [1], there won’t be qualitative increase in the efficiency of such an implementation.
There also won’t be an expected improvement in case of using transformations 9 in dimension
MmXn m

, where

But it should be noted that the use of affine transformations gives rise to the idea of splitting the
domain (space) of the definition X logical function (LF) f(x), x < X, into non-intersecting

fragments (spaces): X =X, UX,U..UX,, XX, =0, i,j=1+p. In this case, there
appears a possibility of the economical realization f(x) by means of joint realization of the family
{f(i) (x)} partial LF /) (x) = f(x)|x € X,,i =1+ p, induced by the splitting of X . An analogue
of this method could be found in the work [2]. The efficiency of this idea is obvious, if we put forward
the idea of the implementation of the whole family { f @ (x)} by means of one neuron with one
m X n -transformation o and the family of the  corresponding  inversions
{n(i) }, n" = (nl(i), 772(” yens nm(i)), i =1+ p. In this case, the multitude of variants of input linear
transformations becomes no less than 27" x 0.

The purpose of this article is a general description of the spectral method for the synthesis of the
custom neural module, the structure of which contains a neuron and a device for implementation of the

affine transformations in the family {0‘13 a,,....a, }, a,=c®x®n"”, i=1+p, of the input

signal x.

2. SOME NOTES FOR UNDERSTANDING SYNTHESIS OF A HYPERNEURON

It is obvious that an arbitrary partition of function f(x) space may be technically difficult for its

realization and won’t bring about the expected effect. Therefore, it is reasonable to apply some
ordering rules.

Firstly, the function definition space should be subdivided into subspaces equal in size in order to
simplify the technical (including software) implementation of the module. For example, when dividing
X into two  subspaces, one might use one variable, some linearized

x=0,x,®o,x,®d...00,x,. So, in case x ~we shall get X=X UX,, where
X, = {x X, = 0}, X, = {x X, = l}, wherein the powers of subspaces are equal to
n—1

|X0| - |X1| =2"

Secondly, the function g(x) of the only module’s neuron should be efficiently adapted by the affine
transformations ¢, to the corresponding functions f @ (x) of the family { f @ (x)} Consequently, it
is desirable to ensure, if not the equality of the ranks 7, = ‘ f @ (x)‘ of the family functions, then, at
least, their closest proximity, r, =7, i,j=1+p.

The implementation of these terms is feasible by analyzing the spectrum s of the original function
f(x) in the representations of the basis of Walsh functions [3]. It is necessary to note that argument

@ of the coefficient s(w) of the spectrum g triggers linearized variable

x, =wx ®w,x,®...®w, x, . Therefore, the value of the coefficient s(w) expresses the
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difference of single values f(x), placed in the corresponding subspaces X, u X:
s(@)=ky =k, k=[O @|=|f0):xe Xy, k=[O =[f®):xe X,
as it is predetermined by the Walsh function definition. That is why, in order to ensure the closeness of

ranks k, and k, of the functions £ and ", generated in the bundle of space X = X, U X, itis

necessary to highlight coefficients s(@) in the spectrum s with the minimal absolute value
|s(w)| = min{[s(a))|}.

Similarly, it is possible to make a division of X into 2’ in subspaces, using ¢ of linearized variables

! !

S s XL,y ..., x, . Having this aim in view, for example, at the stage where (k+1), where k <7,

X
where multitude of subspaces {Xl.},i:0+(2k —1) have been defined, and also a set of
corresponding partial functions {f (i)(x)}, it is necessary to calculate spectra s (@) of these

functions and their total density D = Z‘s(i) ,or D ={d(w)}, where d(w) = Z‘s(i) (a))‘ It is also

necessary to define a linear space M, , generated by arguments o', »*,...,0", and set in D the

values d(w) =0, if @ e M, . Then, in order to select a variable x| (k+1)? it is needed to highlight in

D a minor set of coefficients where D" = {d ’”(a))}, d" (w)=min D . After that, one of the

coefficients d’”(a)b ) is allocated in D. According to the argument " of this coefficient " (a)b ),

o' = b is allocated and a corresponding linearized variable

! !

' _ k4l k+1 k+1 : : : '
=0 x, @0, x,®...@w," x,. Continuing further on, variables x/ ,x/,,..., X, .

X o(k+1)
. . k+1 : _ . [ ’ ' o
define subspaces X,,i=0+(2"" —1), wherein, X, = {X S(X s Xozs s Xopany) = l}-

Thus, mathematically speaking, a tangent bundle is formed along the base M in space X ; this base

k+1

represents a linear space generated by vectors @', ®?, ...,0"", ..., ®" Moreover, the subspace X ;

!
w2

is the tangent space to A at the point where i = (x/ , x ,Xx. ), and represents itself as j-th
layer in the tangent bundle.

For partially defined LF f(x) the principle of stratification X is similar. The difference lies in the
= {x:f(x) = 1}, and in the region
X, = {x f(x)= O}. For this purpose, fully defined LF f,", f;* should be set accordingly:

*

necessity of equal power stratification both in the region X|

1, if xe X/,
0, if xg X~

1, if xe X,

. and consider the corresponding
0, if xe X,

fl*(x):{ fo*(x):{

* *
spectra s, 5 -

3. STRUCTURE OF THE HYPERNEURON

Stratification of the space X into a set 2’ of subspaces X, i =0+ (2" —1) is easy to carry out
technically on the basis of applying a linearized decoder (Fig.1). This is a DC decoder, the inputs of
which are connected to the outputs of the linear conversion unit o, .This unit also performs

multiplication ¢, ® x where the binary matrix of the dimension ¢ x n has the form
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Fig. 1. General structural diagram of a hyperneuron:
V —a neuron, DC — a decoder, /V— a line of adders according to mod?2,

oy and G4c — blocks of linear decoders of a neuron and a decoder,
OR - matrix of connections “OR”.

The outputs of the decoder represent ; tangent points on the base M , and the numbers j layers of the
tangent bundle. In order to realize fragment f @ (x), associated with layer X, it is necessary to make
an affine transformation ¢, = (o,,n"") of the type x* =c, ® x® 7y =x'@®n"". Having this

purpose in view, the DC outputs are connected via OR matrix with the first inputs of mod2 adders in
the NV line according to the following rule. The output of the decoder with the number i is connected to
the first input of the adder, which is placed on the j-th input of the neuron, if in the vector of

inversion 7 = (", n",...,n,") the component » =1, and if not connected otherwise. The

second inputs of the adders in /V are connected with the outputs of the linear transformation block o
according to the correspondence rule: — j-th output of the block o, that generates signal x;, is

switched up to the adder at j-th neuron’s input.

4. EXAMPLE OF HYPERNEURON SYNTHESIS

Let in p -dimensional binary space L (2), LF f(x) with a uniform probability distribution density
be given randomly. For the clarity of perception let n =6, k = | f | =31. The function f and its

spectrum s are represented by Karnaugh tables in Fig.2.

In spectrum s, in accordance with the explanations, among coefficients ¢ |s(a))| =1 two coefficients

s(a)l) and s(a)z) are chosen, arguments ' and @> of which are obviously independent linearly.
The selected coefficients are circled in the table s. Coefficient arguments possess vector values
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'l 101000
®"' =101000, ®* =111010. This implies that o, = 602 = 111010 The corresponding linearized
@

variables x! =x, @ x, and x/, =x, @ x, ® x, @ x4 represent a vector basis generating a simple
base M , containing 4 points: {(x;)] XL )} = {(00),(0 1),(10),(1 1)}, or {(x;)] ,x;)z)} = {O, L2, 3},
which is the same. The stratification of space L ,(2) by these points is shown in Karnaugh table DC.
In mathematics, the tangent layer to point x on the base M is usually denoted by the symbol 7 M .
The following four Karnaugh tables in Fig.2 represent fragments, f%, £% £ £ - values of the
original function £ on the relevant layers : ToM, TyM, T,,M, T, M.

The method of spectral synthesis of a single neuron y with the corresponding affine transfirmations at

the input (a,,7*), (3.7, (0,.7"™), (o,.7"") for the functions £, £, £, f'" on
the fragments formed by such a bundle is described in the works [2,4].

01000110 31—97—15—31 03212103
|00001110 |-1-1-53-3-3-3-3 03212103
11100100 3 3-1-1-3-3-3 5 12303012
10000100 -1 -1-9-1 1(1)}-3-3 12303012
011001171 1-3-3 1-5-1 3-9 12303012
|10110101 |1-11153-1-13 12303012
11100100 3 1513173 03212103
01111001 73317375 03212103
f s DC
0 - - - - - 1 - -0 -1 -- - —0-0- - - S 0
|0 _____ 1 - |———0—1—— |——0—1——— |—0 ————— 0
-———0 -1 - - 1 - - — — - 0 - N - 0 -1 -0- - -
-0 -1 -- 1 - - - - - 0 - -0 - - - - - 0 -—0-0- - -
‘___0_1__ ‘0 _____ 1 - -1 - - - - - 1 ‘__1_0___
|___1_1__ |1 _____ 0 - -0 - - — - - 1 |——1—0———
1 - - — — - 0 - -———0 -1 - - -1 -0- - - N - 0
0 - — — - - 0 - ———1-0- - - -1 -1--- -1 - - — — - 1
TooM To:M TioM TiM

Fig. 2. Karnaugh tables, representing:
f—function f(x),; s— spectrum of the function;
DC — value of vector (x';,x"), generating bundle on the base M;
TooM , ToyM , T1oM , T1iM — tangent spaces with value f.

It should be noted that the exact implementation of the given function f(x) could be achieved but it
may lead to the increase in the dimension of matrix ¢, . Therefore, the aim of synthesis here is the
formation of a hyperneuron with the function g(x) that approximates f(x) quite accurately, taking
into account acceptable costs on linear transformations of ¢ . Matrix ¢, determined as a result of

the synthesis, has the dimension 9%6. In accordance with the chosen spectral arguments

9

' , ®* ,..., o the matrix looks like this:

Page 229



Materials, Methods & Technologies Journal of International Scientific Publications
ISSN 1314-7269, Volume 16, 2022 www.scientific-publications.net

001110
001111
001000
011010
000100]
110000
000101
011101
001011

N

w

N

()
I

e

N

o0

©

Q
[

8 8 8 8 8 @ 8@ & @
[

Consequently, the second outputs of the adders 2 in the line N receive the converted signals:
=X, 0x, Ox,Px,, x,,=x;, x,, =x,Dx,Dxg, x

’
w2

!
2]

'
w5

4 —_— —_—
X, =%, Dx, Dx,, x =X,
!
[

!
[

4 —
X=X Dx,, x

(4]

_ !
; =X, Dxg, X,

s =X, @x; Dx, Dxg, x,0 =x; Dx; D xg,

When determining the next argument @, j =1+9 in the process of synthesis, the values of the

(00) (0D _(10) _(11)
5771' 5771' : The

signal x;)j inversion are also determined for each tangent layer - ny,n;

combined version of all inversions is represented by the matrix structure below

j= 123456789

7™ =010011100
7= 001111111
7%= 101101010

n= 000000000
J

Single values show the required connections in matrix OR for the first input j of the adder m2,
j =1+9, with the corresponding outputs of the decoder DC.

123456789

X 77 1 pclo " OR !
. Odc 2 :
7/% 2 o O

N

g X 1 —
/Gv, 1 x5 —

e

x's —

Lel el el el :|€B|:-?‘:€Bi,--‘:®1:- ol e

Fig. 3. A scheme of a hyperneuron module implementing
the approximating function g(x).

Page 230



Materials, Methods & Technologies Journal of International Scientific Publications
ISSN 1314-7269, Volume 16, 2022 www.scientific-publications.net

Hyperneuron settings on the performing approximating function g(x) are determined by means of
(00) . ., (D)

choosing linear transformations ©v, Zd and vectors of the inversion =M " Therefore, all the

a; =

weights 9j of the neuron ” inputs are assigned equal to 1. Synthesized for this example,

structure of hyperneuron is depicted in Figure 3.

Table 1 gives distribution of single neurons k, and zero k, values of the function f* in the tangent
layers corresponding to levels W, hyperneuron exitation. Table 2 shows the corresponding overall
distribution. For the convenience of perception, the values corresponding to levels w, of the neuron’s

excitation, equal or exceeding the threshold value w, (x) > 5 are highlighted in grey.

Table 1
We 0|12 |3 |4 |5]|6]|7]8|9
layer ki - | -] 1| =-]1=-13]12]2]|-]=
00 ko — |- 121411 =]=1]=]=
layer ki - |l -1l -1-1-1412]2]|—-1]-
01 ko — =224 =-]=-|=-|-]=
layer ki - |l -1 -1-1-1412]2]|—-]-
10 ko — | =224 =-]|=-|=-|-]=
layer ki -l -l -1-1-1213]1]1]=
11 ko - 11331 ] —=]—=-|-]=

Table 2
We 0| 1|23 ]|4]|5[6]|7|81]9
ki - |- 11| =] —-113]/9|7]1]-

b

ko - 1169 [15]2]|—-—|—-]—-]=-

Karnaugh tables are shown in Fig.4 in order to illustrate the threshold logic of hyperneuron function
formation.

46443771 01000110 01000110
|44247555 |00001111 |0000111@
57732642 111007100 111007100
73354644 10010100 100@o 100
26823555 01100111 01100111
|64623735 |10100101 |101®0101
55534644 111007100 111007100
35556246 01111001 01111001
Wg 8 fog

Fig. 4. Karnaugh tables displaying the hyperneuron synthesis results:
wg — matrix we(x) of hyperneuron excitation level according to
the input signal x;
g — a function realized by the hyperneuron;
fog — function f with highlighted values different from gvalues.
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Table w, displays the common for tangent layers of neuron excitation levels distribution w_(x),

Table g shows the approximating function & (x) of the neuron, and in Table fog the comparison of the
initial and the approximating function i(s grEanted. In all three tables, the grey background highlights
the values of argument * , for which 8'X) =1 The table fog demonstrates the presence of differences
in functions / and & for three values of the argument *. The numerical estimation of the
approximation result, where approximation index is 9, is defined here by the expression

9= |f | _|f Dg |, where |f | and |f Dg | denote the ranks of the corresponding functions. In the
3=28

example under consideration, index value is ¢ = 31-

It is clear that for the given function f* additional technical costs to the neuron, determined by the
linear block o, and OR matrix seem to be excessive. However, as it has been noted in [3], when the

dimension 7 increases, the complexity of LF and the implementing them circuits rises more than
exponentially, while the complexity of the linear block, that simplifies the implementing schemes
greatly, increases linearly. This fact is also reflected in the efficiency of the hyperneuron structure for
the fuctions with dimension 7 >10. So, for one the randomly assigned LF from 16 variables, having
the number of single values k =32766, the structure of the approximating hyperneuron has the
following blocks: decoder DC with the dimension 2x4, a linear block ¢, — 19%16, matrix OR — 4x19.

In this case, the value of the approximation index reaches g = 2322.

5. CONCLUSIONS

The propose neural construction contains blocks with matrix structure, and the synthesis of the
construction, its adjustment is accompanied by the calculations, using matrix operations. At each stage
of the calculations Walsh spectral representations are used in order to ensure a quantitative assessment
of the efficiency that have been made. As a result, the expenditure on variants selection is significantly
reduced, and the way of optimizing the construction is becoming clear.

An increase in the approximation accuracy as regards the given function is carried out in the
hyperneuron module design by changing the number # inputs of the linearized decoder and the number
m inputs of the neuron v. The optimal choice of options is determined by the comparison of the
resulting approximation index g with the corresponding volume of matrix blocks in the construction.

If we have a case with large dimensions, then a cascade scheme is quite applicable. For example, it is
quite acceptable to perform a general preliminary stratification of a linear space, followed by the
synthesis of a hyperneuron for each individual layer.

The design as a whole will be a logical mechanism with a well-analyzed structure.
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