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Abstract 

To balance the non-renewable power generation cost and the risk of violating security constraints in 

the presence of uncertain renewable power generation, a multi-objective risk-limiting optimal power 

flow (MORLOPF) problem is presented in this paper. To tackle this problem, a curve fitting based 

computationally efficient method is proposed. Simulation and comparison results show that the 

proposed method is computationally much faster than the previously developed golden section method 

based two-level algorithm, and the obtained results are almost the same.  
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1. INTRODUCTION 

To tackle the global warming problems, there is a worldwide trend in using renewable energies such 

as the solar and wind as the power generation sources [1]. However, the intermittency of renewable 

power generation requires the power system operation such as optimal power flow (OPF) to take into 

account this uncertainty [2,3]. The challenge raised by the uncertain renewable power generation is to 

re-dispatch the non-renewable power generation so as to maintain the power flow balance at any time 

instance and possibly causes the security constraints to be violated. To reduce the aforementioned risk 

of violating security constraints, one may set restrictive bounds for security constraints in the OPF 

problem formulation [4]. However, more restrictive bounds results in a larger scheduled optimal 

non-renewable power generation cost [4]. Therefore, reducing the risk of violating security constraints 

and decreasing the scheduled optimal non-renewable power generation cost are two conflicting factors 

in the presence of uncertain renewable power generation [5]. To balance these two conflicting factors, 

a multi-objective risk-limiting optimal power flow (MORLOPF) problem was formulated [6]. A 

golden section method based two-level algorithm was proposed in [7] to solve this MORLOPF 

problem. Although this two-level algorithm could obtain the optimal solution of the MORLOPF 

problem, its computing-time consumption is fairly lengthy. To cope with this computing-time 

problem, an alternative but much more computationally efficient method is proposed in this paper. 

The paper is organized in the following manner. Section 2 presents the background of the considered 

problem. Section 3 presents the problem formulation. Section 4 presents the proposed solution method. 

Section 5 presents the simulation and comparison results. Section 6 presents discussions and 

conclusions. 

 

2. BACKGROUND 

2.1. Risk-Limiting Optimal Power Flow 

In this paper, the considered security constraints are stated in the following. 
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where 
[ , ]T

i i ix V 
 represents the voltage vector of bus i , iV

 represents the voltage magnitude and 

i  represents the phase angle; N  represents the total number of buses in the system, and iV
 and 

iV
 represent the lower and upper bounds of iV

, respectively; ijp
 represents the real power flow 

from bus i  to bus j , L  represents the set of all transmission lines, and ijp
 and ijp

 represent 

the lower and upper bounds of ijp
, respectively. Normally, 

0.95o

iV 
, 

1.05o

iV 
 and 

o o
ij ijp p 

. 

For simplicity of notation, these security constraints are rewritten as 
( ) , 1, ,j j jh h x h j m  

, 

where 1 2[ , , , ]T

Nx x x x
 represents the vector of voltage of the system; 

| |m N L 
, and 

| |L
 is 

the total number of transmission lines, so m  is the total number of security constraints. Notably, 

j jh h 
 holds for the transmission line real power flow. 

The risk-limiting optimal power flow (RLOPF) problem of finding the scheduled optimal 

non-renewable power generation cost subject to the constraint that the probability of satisfying 

security constraints is above a level   can be stated in the following. 

2

\

ˆ ˆmin
i ii G i G i

i G WG

a P b P c

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Subject to 
Pr { ( ) | , }o s o s s

j j job h h x h   h h
                   (2) 

where WG  and \G WG  represent the set of all wind and non-renewable power generation buses, 

respectively, 
ˆ

iGP
 represents the scheduled non-renewable real power generation at bus i , and the 

objective function of (2) represents the scheduled non-renewable power generation cost; 
sx  

represents the vector of actual bus voltage of the system, 
s

jh
 and 

s

jh
 represent the restrictive lower 

and upper bounds of the j th security constraint, respectively, and 1[ , , ]s s s T

mh hh
 and 

1[ , , ]s s s T

mh hh
. Let 

*ˆ
iGP
 denote the optimal 

ˆ
iGP
 to (2). The solution method for solving the 

risk-limiting optimal power flow problem had been presented in [4]. 
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2.2. Pareto Optimal Solution Curve 

For a given  , the scheduled optimal non-renewable power generation cost can be obtained from 

solving (2). For a reasonable range of  , a set of equally spaced discrete points of   can be 

identified from the range. Then, the pareto optimal solution curve can be constructed based on the 

points formed from the discrete   and the corresponding scheduled optimal non-renewable power 

generation cost. A rough sketch of the pareto optimal solution curve is presented in Fig. 1. 

 

Fig. 1. A sketch of pareto optimal solution curve. 

min
max


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3. PROBLEM FORMULATION OF MULTI-OBJECTIVE RISK-LIMITING OPTIMAL 

POWER FLOW PROBLEM 

Let 
*ˆ ( )
iGP 

 denote the optimal solution of (2) for a given  , then 
*ˆ ( )
iGP 

 is a function of  . 

Since 1-  represents the risk of violating the security constraints, it has been shown in [4] that 

smaller risk, 1- , will result in a larger optimal scheduled non-renewable power generation cost 

*2 *

\

ˆ ˆ( ) ( )
i ii G i G i

i G WG

a P b P c 


 
. Therefore, the optimal non-renewable power generation cost and the 

risk of violating security constraints are two conflicting factors. Combing these two factors together, a 

MORLOPF problem can be formulated in the following 

*2 *

\

ˆ ˆmin ( ( ) ( ) ) (1 )
i ig i G i G i

i G WG

a P b P c     


   
                 (3) 

where g  and   are weighting coefficients. Different system operators can append different 

weighting coefficients depending on their emphasis on raising the probability of satisfying security 

constraints or reducing the scheduled non-renewable power generation cost in the presence of 

uncertain renewable power generation. 
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4. CURVE FITTING BASED SOLUTION METHOD 

4.1. Preliminaries 

Let 
( )H 

 denote the objective function of (3), such that 

               

*2 *

\

ˆ ˆ( ) ( ( ) ( ) ) (1 )
i ig i G i G i

i G WG

H a P b P c      


    
                (4) 

Clearly, 
( )H 

 is a combination of the two terms 

*2 *
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

 
 and 

(1 ) 
. A sketch of these two terms is presented in Fig. 2, and the resulted 

( )H 
 is sketched in 

Fig. 3. 

 

Fig. 2. A sketch of the two terms 
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Fig. 3. A sketch of 
( )H 

. 
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It had been shown in [8] that 
( )H 

 is a unimodal function of  . Based on this fact, a golden 

section method based two-level algorithm is proposed in [7] to solve the MORLOPF problem 

presented in Eq. (3). This iterative two-level algorithm consists of an upper level and a lower level. 

The upper level is for executing the golden section method to search for the optimal solution. The 

lower level is to solve Eq. (3) for a given   by using a method that is similar to the solution method 

used in solving the RLOPF problem (2) [4]. Although this iterative two-level algorithm can obtain the 

optimal solution of the MORLOPF problem, its computing-time consumption is fairly lengthy due to 

the following. The two-level algorithm needs to solve (3) for a given   at each iteration, and many 

iterations are required to obtain a solution with certain degree of precision. 

4.2. Curve Fitting Based Solution Method 

As indicated previously that 
( )H 

 is a combination of the two terms 
*2 *

\

ˆ ˆ( ( ) ( ) )
i ig i G i G i

i G WG

a P b P c  


 
 and 

(1 ) 
. One can use a curve fitting method to find a 

polynomial function of   to approximate 

*2 *

\

ˆ ˆ( ( ) ( ) )
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a P b P c  


 
. For example, a 

second order polynomial function 
2d e f    can be employed to approximate 

*2 *

\
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. The curve fitting method is to estimate the values of 

,d e
 and 

f
 using n  pairs of 
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 data with known values. The 

estimation can be performed as follows. Let 
*2 * *2 *

1 1 1

\ \
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i i i ig i G i G i n g i G n i G n i

i G WG i G WG

a P b P c a P b P c       
 

    
 denote the n 

pairs of data, then the values of d,e  and 
f

 are the optimal solution of the following least square 

problem:  

             

2 *2 * 2

,
1 \

ˆ ˆmin ( ( ( ) ( ) ))
i i

n

k k g i G k i G k i
d e, f

k i G WG

d e f a P b P c    
 

     
           (5) 

Once the approximate polynomial 
2d e f    is obtained, the MORLOPF problem (4) can be 

approximated as the following unconstrained optimization problem: 

                         
2m i n (1 )d e f       

                       (6) 

Accordingly, the unconstrained optimization problem (6) can be easily solved using Kuhn-Tucker 

condition [9]. Notably, the curve fitting method can be carried out off-line. Therefore, the 

computing-time for obtaining the approximate solution of the MORLOPF problem (4) will be 

extremely short. 

 

5. SIMULATION AND COMPARISON RESULTS 

We use the 26-bus power system [10] presented in Fig. 4 as the test system. In this system, busses 1-3 

and 26 are non-renewable power generation busses, and busses 7 and 10 are wind power generation 

busses. The rest of the busses are load busses. There are 46 transmission lines in this system. We 

assign bus 1 as the swing bus. The lower and upper bounds of the voltage magnitude of each bus in the 

security constraints are set to 0.95 p.u. and 1.05 p.u., respectively. For the security constraints 

regarding the real power flow over the transmission lines, the upper bound is set to 1.1 times of the 

nominal value, and the lower bound is the negative of the upper bound. The cost coefficients of the 
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non-renewable power generation busses are set to be 

1 2 3 260.0070, 0.0095, 0.0090, 0.0075,a a a a    1 2 3 267.0, 10.0, 8.5, 12.0,b b b b   

1 2 3 26240, 210, 220, and 190.c c c c   
   

1g 
 is arbitrarily set, and three cases of MORLOPF problem (3) with various  , which are 

36588, 52269 and 67949, are tested. We first solve the three cases of MORLOPF problems using the 

golden section method based two-level algorithm [7], whose computing time and the obtained solution 

are considered as references. Then we solve the same problems using the proposed method and 

compare the obtained results with the reference values. For case 1 with 
36588 

, the optimal   

obtained by the golden section method based two-level algorithm is 0.8512, the CPU time 

consumption is 208s, and the corresponding optimal non-renewable power generation cost is 8752$/hr. 

For this same case the optimal   obtained by the proposed method is 0.8517, the CPU time 

consumption is less than 1 second, and the corresponding optimal non-renewable power generation 

cost is 8770$/hr. From the above results, one can see that the deviation of the optimal   is less than 

0.05%, the deviation of optimal non-renewable power generation cost is around 0.2%, and the 

computing time of the proposed method extremely outperforms the golden section method based 

two-level algorithm. From the above results, one can see that the deviation of the optimal   is less 

than 0.05%, the deviation of optimal non-renewable power generation cost is around 0.2%, and the 

computing time of the proposed method extremely outperforms the golden section method based 

two-level algorithm. For cases 2 and 3 with 
52269 

 and 67949, respectively, the optimal   

obtained by the golden section method based two-level algorithm are 0.9025 and 0.9518, respectively, 

the CPU time consumptions are 193s and 205s, respectively, and the corresponding optimal 

non-renewable power generation costs are 11029$/hr and 13991$/hr, respectively. For these two same 

cases, the optimal   obtained by the proposed method are 0.9021 and 0.9524, respectively, the CPU 

time consumptions are all less than 1 second, and the corresponding optimal non-renewable power 

generation costs are 11007$/hr and 14034, respectively. The comparison results for cases 2 and 3 are 

similar to case 1. 
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Fig. 4. 26-bus test system. 
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6. DISCUSSIONS AND CONCLUSIONS 

From the simulation results, one can easily observe that the non-renewable power generation cost and 

the risk of violating security constraints are two conflicting factors. Furthermore, as   increases, 

which means the system operator cares more about the security constraint, the risk of violating 

security constraints decreases. We have also compared the proposed method with the previously 

developed golden section method based two-level algorithm, and the comparing results show that the 

solution obtained by the former is almost the same as the latter, and the computational efficiency of 

the former is much better than the latter. Aboveall, based on the recorded CPU-time consumption, the 

proposed method is suitable to be used in real-time. 
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